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Spinning Mellin Bootstrap: Conformal Partial Waves,
Crossing Kernels and Applications
Charlotte Sleight* and Massimo Taronna
We study conformal partial waves (CPWs) in Mellin space with totally symmetric external operators of arbitrary integer
spin. The exchanged spin is arbitrary, and includes mixed symmetry and (partially)-conserved representations. In a
basis of CPWs recently introduced in arXiv:1702.08619, we ﬁnd a remarkable factorisation of the external spin
dependence in their Mellin representation. This property allows a relatively straightforward study of inversion formulae
to extract OPE data from the Mellin representation of spinning 4pt correlators and in particular, to extract closed-form
expressions for crossing kernels of spinning CPWs in terms of the hypergeometric function 4F3. We consider numerous
examples involving both arbitrary internal and external spins, and for both leading and sub-leading twist operators. As
an application, working in general d we extract new results forO(1/N) anomalous dimensions of double-trace
operators induced by double-trace deformations constructed from single-trace operators of generic twist and integer
spin. In particular, we extract the anomalous dimensions of double-trace operators [O J ]n,l withO J a single-trace
operator of integer spin J.
1. Introduction
The conformal bootstrap program has experienced a wave of successes in the past decade. A pivotal role has been played by the
incredible progress of the available numerical methods to address the bootstrap quantitatively in d > 2 (see e.g. [1–6]). The devel-
opment of suitable analytic methods has also been gaining traction, which have also clariﬁed the successes of the numerical results
from a theoretical standpoint. By now there are various complementary analytic techniques available, which include: Applications of
slightly broken higher-spin symmetry,[7–9] large spin expansion,[10–14] Regge limit,[15–20] inversion formulas[21–27] and also Mellin space
techniques[15,27–41] which conveniently encode complicated position space functions.
Correlators involving only scalar external operators have rightfully played a central role, providing an ideal testing ground owing
to the number of explicit analytic results available. Among these are the explicit analytic expressions for conformal blocks in even
dimensions[42–45] and the simple form of the quadratic and quartic Casimir operators. On the other hand, limited progress has been
made in the case where the external operators have non-trivial spin. This is mostly due to complications related to keeping track
of the various tensor structures, which has somewhat hindered the development and application of analogous tools to those which
worked so well for scalar correlators. So far, only a few numerical results are available for spinning correlators.[6,46,47]1 These results
were made possible by the virtue of recursion relations for spinning conformal blocks,[49–56] which are particularly well-suited for
numerical implementation. The latter results however, being tuned to set up the numerical problem, did not yet allow for a detailed
analysis of the actual structure of the spinning conformal blocks and applications thereof.
In this work we aim to lay down the groundwork for a detailed study of the analytic conformal bootstrap for arbitrary spinning
external legs in Mellin space.2 We study in detail the explicit form of spinning conformal partial waves (CPWs) with the aim of
acquiring a better handle on their structure, which in a particular basis[58] turns out to exhibit a rather attractive factorisation of the
external spin dependence. This property of the basis[58] makes it particularly apt for the extension of bootstrap methods for scalar
Dr. C. Sleight
Universite´ Libre de Bruxelles and International Solvay Institutes
ULB-Campus Plaine CP231, 1050 Brussels, Belgium
E-mail: charlotte.sleight@gmail.com
M. Taronna, Dr. C. Sleight
Department of Physics
Princeton University
Princeton, NJ 08544
1 See however [48] for recent analytic results for the scalar-fermion bootstrap.
2 The Mellin space approach to the conformal bootstrap was initiated in [32,33,57] for external scalar operators.
DOI: 10.1002/prop.201800038
Fortschr. Phys. 2018, 66, 1800038 C© 2018 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim.1800038 (1 of 77)
www.advancedsciencenews.com www.fp-journal.org
correlators to those with arbitrary spinning operators. We present various direct applications of our results, including the study of
crossing kernels and 1/N corrections to OPE data induced by double-trace deformations. We postpone the application of these results
to more advanced bootstrap problems to future works (see e.g. [59]), which include the - and large-spin expansions.
The plan of the paper and a brief summary of results is as follows:
 In Section §2 we review the pertinent details of the basis of 3pt conformal structures recently introduced in [58], which has simple
transformation properties under global higher-spin symmetry transformations.3 In §2.2 we discuss the corresponding CPWs in
position space, in particular their representation within the shadow formalism[60,61] as an integrated product of the latter 3pt con-
formal structures. In §A we evaluate in great detail the shadow transform for a large class of spinning 3pt correlators and obtain a
simple closed formula. In this context we also discuss in detail the bulk counterpart of the shadow transform and how to use the
corresponding basis of bulk cubic couplings to conveniently obtain closed form expressions for it (see §A.1).
 In §3 we move to Mellin space. We review how to obtain the Mellin representation of CPWs, which are expressed in terms of
so-called Mack polynomials.[29] We refrain from presenting the generally complicated explicit expressions for Mack polynomials,
which involve nested sums.4 Instead we focus on their orthogonality properties which arise when restricting to the leading pole in
the Mellin representation of the CPW. These correspond to the contribution of the primary operator in the exchanged conformal
multiplet.
In particular, the basis[58] of 3pt conformal structures gives rise to a remarkable factorisation of the dependence on the internal
spin with respect to the external spins. This allows for a direct extension of the orthogonality observed for external scalars in [15]
to spinning external operators, which appears through orthogonal polynomials known as continuous Hahn polynomials.[63] This
analysis is carried out for various types of correlators with arbitrary spinning legs.
We furthermore derive inversion formulae to extract OPE data from the Mellin representation of a given 4pt spinning CFT corre-
lator. In §3.5 we test the formalism by using it to extract the OPE coeﬃcients from connected 4pt correlation functions in the free
scalar O(N) model in d -dimensions. In particular, we recover all known results for the OPE coeﬃcients of single-trace conserved
currents Jl [64] and double-trace operators [J0 J0]n,l .[43,65,66] We furthermore extract new results in general d for leading twist [Jl1 Jl2 ]0,l
spinning double-trace operators built from single-trace conserved currents Jl1 and Jl2 of spins l1 and l2.
 In §4 we use the inversion formulas established in §3 to study explicitly crossing kernels for CPWs with arbitrary spinning external
operators. In general, upon restricting to a particular 4pt tensor structure, we can access a weighted average of the s-channel CPW
expansion coeﬃcients for u- and t-channel CPWs. In §4.4, by considering all tensor structures we can go beyond the weighted
average to obtain full crossing kernels for CPWs with two spinning external operators of spins J1 and J2, and an exchanged scalar.
In §4.2 we also obtain all full crossing kernels for CPWs with external scalars and an exchanged operator of arbitrary integer spin.
In §4.3 we discuss crossing kernels for CPWs for the exchange of partially conserved currents, which are dual to (partially-)massless
ﬁelds in the bulk. In §4.5 we discuss the large spin limit.
 In §5 we give further concrete applications of our results. In particular, we use the crossing kernels of §4 to compute the change in
the anomalous dimensions under double-trace ﬂows in the large N limit. We consider ﬂows induced by the general double-trace
perturbation
Sλ = SCFT + λ
∫
dd yOμ1 ...μl ′ (y)Oμ1 ...μl ′ (y) , (1.1)
where Oμ1 ...μl ′ is a single-trace operator of spin-l ′ and generic twist τ . In §5.1 we begin by considering the case of external scalar
operators  and extract anomalous dimensions of all double-trace operators [12]n,l at O(1/N) for general double-trace ﬂows
(1.1), including non-unitary spinning double-trace ﬂows and ﬂows induced by (partially-)conserved operators. In d = 4−  the
1/N corrections to double-trace anomalous dimensions are rather simple, which for the Wilson-Fisher ﬁxed point read:
γ
[¯]
n,l =
4
N
 (−1)l
(n+ 1)2 4F3
(
1, 1,−l , l + 2n+ 3
2, n+ 2, n+ 2 ; 1
)
. (1.2)
In §5.2.1 we apply our formalism to spinning correlators in arbitrary space-time dimensions, which also requires to consider mixed
symmetry CPWs and their crossing kernels – which we derive. In particular, using the methods of §3 we ﬁrst extract mean-ﬁeld
theory OPE coeﬃcients for leading twist double-trace operators [OJ]0,l built from a spin-J single-trace operator OJ and a scalar
operator . Combining the latter with the results for crossing kernels, we then obtain the anomalous dimensions of the double-
trace operators [OJ]0,l induced by the double-trace ﬂow (1.1) with l ′ = 0.
3 The basis itself was originally obtained in the context of simplifying the kinematic map between bulk cubic couplings and 3pt conformal structures,
so our proposed framework also lends itself nicely to studies of bulk physics.
4 Some of such nested formulas recently appeared in the literature in a diﬀerent CFT basis.[62] For external scalars, such formulas were originally
given in [29].
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2. The Basis
2.1. 3pt Functions
The OPE coeﬃcients of primary operators with arbitrary spin are naturally encoded in the polynomial expansion of their 3pt functions
in terms of the 6 basic conformal structures Yi and Hi :[67–70]5
Y1 = z1 · y12y212
− z1 · y13
y213
, H1 = 1y223
(
z2 · z3 + 2 z2 · y23 z3 · y32y223
)
, (2.2a)
Y2 = z2 · y23y223
− z2 · y21
y221
, H2 = 1y231
(
z3 · z1 + 2 z3 · y31 z1 · y13y231
)
, (2.2b)
Y3 = z3 · y31y231
− z3 · y32
y232
, H3 = 1y212
(
z1 · z2 + 2 z1 · y12 z2 · y21y212
)
. (2.2c)
In particular, these deﬁne the following canonical expansion of spinning 3pt conformal correlators6
〈O1,J1 (y1)O2,J2 (y2)O3,J3 (y3)〉 =
∑
n
Cn1,n2,n0J1,J2,J3 〈〈O1,J1 (y1)O2,J2 (y2)O3,J3 (y3)〉〉(n), (2.4)
in terms of the simple basis of 3pt conformal structures
〈〈O1,J1 (y1)O2,J2 (y2)O3,J3 (y3)〉〉(n) =
InJ
(y212)
τ1+τ2−τ
2 (y223)
τ2+τ−τ1
2 (y231)
τ+τ1−τ2
2
, (2.5a)
InJ (y1, y2, y3) = Y J1−n2−n1 Y J2−n−n12 Y J3−n1−n23 Hn11 Hn22 Hn03 , (2.5b)
where n = (n1, n2, n0), J = (J1, J2, J3) and each basis element is a monomial in the Yi and Hi . For unit normalisation of the 2pt
functions,7 the Cn1,n2,n0J1,J2,J3 are the OPE coeﬃcients in the canonical basis (2.5).
Recently, with the aim of simplifying the kinematic 1:1 map between bulk cubic couplings and boundary 3pt conformal structures,
in [58] the above canonical basis (2.5) was repackaged into a diﬀerent basis of 3pt conformal structures which is deﬁned as:
[[O1,J1 (y1)O2,J2 (y2)O3,J3 (y3)]](n) ≡ SnJ,τ(y12)δ12 (y23)δ23 (y31)δ31 , (2.7)
in terms of the following polynomials SnJ,τ in Yi and Hi :
S0J,τ (y1, y2, y3) ≡
[
3∏
i=1
2
δ(i+1)(i−1)
2 −1	
(
δ(i+1)(i−1)
2
)][ 3∏
i=1
q
1
2−
δ(i+1)(i−1)
4
i J(δ(i+1)(i−1)−2)/2
(√
qi
)]
Y J11 Y
J2
2 Y
J3
3 , (2.8a)
SnJ,τ (y1, y2, y3) ≡ Hn11 Hn22 Hn03 S0Ji−ni+1−ni−1,τi+2(ni+1+ni−1), (2.8b)
5 Here, (yi j )μ = (yi − y j )μ with μ = 1, . . . , d . The (zi )μ are null auxiliary vectors used to encode traceless indices. For example
O (y) = 1
J !
Oμ1 ...μJ (y) z
μ1 . . . zμJ , z2 = 0, (2.1)
encodes the traceless spin-J operator Oμ1 ...μJ .
6 For concision we deﬁne:
∑
n
≡
Min(J2−n0,J3−n2)∑
n1=0
Min(J3,J1−n0)∑
n2=0
Min(J1,J2)∑
n0=0
. (2.3)
7 In our conventions canonically normalised 2pt functions for totally symmetric operators read:
〈O,J (y1)O,J (y2)〉 = HJ3
(y212)
−J (2.6)
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Figure 1. An illustration of the deﬁning feature of the basis (2.15) dual to the bulk cubic couplings (2.9). The non-vanishing coeﬃcients of the bulk
couplings are exactly the same in number as the CFT structures that are set to zero. This condition has a unique solution which deﬁnes the basis
proposed in [58] and which is employed in this work.
where qi = 2Hi∂Yi+1∂Yi−1 and δi j = 12 (τi + τ j − τk), with i, j, k cyclically ordered among the external legs in the correlator. In [58] it
was argued that this alternative basis (2.7) is naturally selected for evaluating spinning Witten diagrams within the ambient space
formalism.8 Indeed, a way to derive the basis (2.7) is to consider an ansatz for a bulk cubic coupling at ﬁxed spins of the type9
In1,n2,n0J1,J2,J3 (τi ) =
∑
m
Cn1,n2,n0J1,J2,J3;m1,m2,m3 (τi ) I
m1,m2,m3
J1,J2,J3
, (2.9)
with a truncated summation (terminating atmi = ni ) over the canonical basis of on-shell cubic vertices in the ambient space formalism
between totally symmetric ﬁelds ϕJi of spins Ji and mass m
2
i R
2 = i (i − d)− Ji , which is given by
In1,n2,n0J1,J2,J3 = Y
J1−n2−n0
1 Y J2−n0−n12 Y J3−n1−n23 Hn11 Hn22 Hn03 ϕJ1 (X1,U1)ϕJ2 (X2,U2)ϕJ3 (X3,U3)
∣∣∣
Xi=X
, (2.10)
in terms of the six SO(d + 1, 1)-covariant contractions
Y1 = ∂U1 · ∂X2 , Y2 = ∂U2 · ∂X3 , Y3 = ∂U3 · ∂X1 , (2.11a)
H1 = ∂U2 · ∂U3 , H2 = ∂U3 · ∂U1 , H3 = ∂U1 · ∂U2 . (2.11b)
Tree level 3pt Witten diagrams for arbitrary spinning external legs were ﬁrst computed in [64] using the canonical basis (2.10) of
bulk cubic couplings. The Witten diagramWτ [InJ (τ )] generated by the cubic coupling (2.9) takes the following form in the canonical
basis (2.5) of 3pt conformal structures (dropping the overall dependence on (y2i j )
δi j ):
Wτ
[
InJ (τ )
]
=
∑
p
CnJ;pI
p
J . (2.12)
The new basis (2.7) of 3pt conformal structures is selected by the condition that the Witten diagram (2.12) satisﬁes the condition:
C
n1,n2,n0
J1,J2,J3;p1,p2,p3
= 0 ∀ p1 < n1, p2 < n2, p3 < n0. (2.13)
This is depicted schematically in Figure 1. The above equations are exactly as many as the number of unknowns present in the ansatz
(2.9) for the bulk couplings. Solving these conditions with the normalisation Cn1,n2,n0J1,J2,J3;0,0,0(τi ) = 1, the solution is given by
Cn1,n2,n0J1,J2,J3;m1,m2,m3 (τi ) =
(
d − 2(J1 + J2 + J3 − 1)− (τ1 + τ2 + τ3)
2
)
m1+m2+m3
3∏
i=1
[
2mi
(
ni
mi
)
(ni + δ(i+1)(i−1) − 1)mi
]
. (2.14)
Furthermore the structure SnJ,τ pops up automatically. In particular, we have:
Wτ1,τ2,τ3 [In1,n2,n0J1,J2,J3 ] =
B(Ji ; ni ; τi )SnJ,τ
(y212)
τ1+τ2−τ3
2 (y223)
τ2+τ3−τ1
2 (y231)
τ3+τ1−τ2
2
, (2.15)
8 See [71,72] for the ambient space formalism for cubic couplings of arbitrary integer spin ﬁelds on AdS and [58,64,66] for the evaluation of their
corresponding tree level 3pt Witten diagrams.
9 For concision we deﬁne
∑
m
=
min{J1,J2,n0}∑
m3=0
min{J1−n0,J3,n2}∑
m2=0
min{J2−n0,J3−n2,n1}∑
m1=0
.
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with the coeﬃcient B(Ji ; ni ; τi ) given by
B(Ji ; ni ; τi ) = π−d (−2)(J1+J2+J3)−(n1+n2+n0)−4 	
(
τ1 + τ2 + τ3 − d + 2(J1 + J2 + J3)
2
)
×
3∏
i=1
	
(
Ji − ni+1 + ni−1 + τi + τi+1 − τi−12
)
	
(
Ji + ni+1 − ni−1 + τi + τi−1 − τi+12
)
	(Ji + ni+1 + ni−1 + τi − 1)
	
(
Ji + τi − d2 + 1
)
	
(
2ni + τi+1 + τi−1 − τi2
)
	(2Ji + τi − 1)
,
(2.16)
or recursively as:
B(Ji ; ni ; τi ) = (−2)n1+n+n0
∏
i
(
1− d
2
+ Ji + τi
)
ni−1+ni+1
×B(J1 − n2 − n0, J2 − n0 − n1, J3 − n1 − n2; 0; τ1 + 2(n2 + n0), τ2 + 2(n0 + n1), τ3 + 2(n1 + n2)). (2.17)
In order to employ the above basis for eﬃcient Witten diagram evaluation, in [58] the inverse map to (2.9) was found. Starting from
a coupling of the form
VJ1,J2,J3 =
∑
n
g n1,n2,n0J1,J2,J3 I
n1,n2,n0
J1,J2,J3
, (2.18)
one can determine the coeﬃcients g˜ n1,n2,n0J1,J2,J3 in the basis:
VJ1,J2,J3 =
∑
n
g˜ n1,n2,n0J1,J2,J3 I
n1,n2,n0
J1,J2,J3
. (2.19)
Inverting the inﬁnite dimensional matrix we obtain10
g˜ n1,n2,n0J1,J2,J3 =
∑
m
⎡⎢⎢⎢⎢⎢⎣
gm1,m2,m3J1,J2,J3(
d
2
+ 1+
∑
α
(mα − Jα − τα2 )
)
m1+m2+m3
3∏
i=1
(−1)ni+mi (2ni + δ j k − 1)
2mi
(
ni + δ j k − 1
)
mi+1
(
mi
ni
)
⎤⎥⎥⎥⎥⎥⎦ . (2.21)
In the following section §2.2 we consider the corresponding conformal partial waves in the basis (2.7) which, via the shadow
formalism,[60,61,73] are an integrated product of 3pt conformal structures. In the bulk these encode exchanges of massive and (partially-
)massless higher-spin ﬁelds.
2.1.1. Comments, Higher-Spin Symmetry and Relation to Weight-Shifting Operators
Most of the simpliﬁcations which we will see using the new basis (2.7) can be regarded as a consequence of its transformation proper-
ties under higher-spin transformations. The complete classiﬁcation of higher-spin transformations on totally symmetric tensors was
obtained in the so-called metric-like formulation of higher-spin ﬁelds in [74]. On the CFT side, the recently introduced weight-shifting
operators[56] appear to be particular examples of such higher-spin generators, whose action on cubic couplings or CFT correlators ro-
tates them among each other, organising the bulk couplings and CFT correlators into inﬁnite-dimensional multiplets. From the bulk
perspective, such weight-shifting operators can be realised in terms of building blocks associated to the so called σ± operators (see e.g.
[75] and chapter 5.2 of [76] for a pedagogical review) describing the irreducible decomposition of the tensor product of a conformal
10 Here, for concision we deﬁne:
∑
m
=
Min{J1,J2}∑
m3=n0
Min{J3,J1−m3}∑
m2=n2
Min{J2−m3,J3−m2}∑
m1=n1
(2.20)
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Figure 2. Pictorial representation of the action of higher-spin transformations on CFT operators/bulk ﬁelds via the bulk-to-boundary map. n lables the
OPE structures. The basis used in this work should be thought of as an analytic continuation in dimensions of the higher-spin generators which one
recovers for τ1 = d − 2− k with 0 ≤ k < J 1. In the bulk such analytic continuation is natural when going oﬀ-shell and considering the action of the
deformed bulk gauge symmetries on oﬀ-shell couplings. The bulk to boundary map then gives the corresponding families of cubic structures on the
boundary.
module and a vector representation:
Pa Ta1(l1);...;an(ln) =
∑
i
(σ+i [T ])
a1(l1);...;ai (li+1);...;an(ln) + (σ−i [T ])a1(l1);...;ai (li−1);...;an(ln), (2.22)
where on-shell the above tensors are all traceless. Depending onwhich row the σ±i operators act upon, the tensors are shifted according
to li → li ± 1. Up to analytic continuation we can identify the ﬁrst row with the conformal dimension quantum number (of primary
and descendants components) of the conformal module. Explicit expressions of (2.22) for 2 row Young tableaux labelled by Lorentz
tensors Ta(k),b(l ) read (see [76] for notation):
σ−1
(
Ta(k), b(l )
) = Ta(k−1)m, b(l ) Pm + 1k − l + 1 Ta(k−1)b, b(l−1)m Pm, (2.23a)
σ+1
(
Ta(k), b(l )
) = PaTa(k), b(l ) − 2d + 2k − 2ηaaTa(k−1)m, b(l ) Pm − 1d + k + l − 3ηabTa(k), b(l−1)m Pm
+ 2
(d + 2k − 2)(d + k + l − 3)ηaaTa(k−1)b, b(l−1)m P
m, (2.23b)
σ−2
(
Ta(k), b(l )
) = Ta(k), b(l−1)m Pm, (2.23c)
σ+2
(
Ta(k), b(l )
) = PbTa(k), b(l ) − 1k − l PaTa(k−1)b, b(l ) − 2d + 2l − 4ηb(2)Ta(k), b(l−1)m Pm − k − l − 1(k − l )(d + k + l − 3)ηabTa(k−1)m, b(l )Pm
+ 2
(k − l )(d + k + l − 3)ηa(2)Ta(k−2)mb, b(l ) P
m + d + 2k − 4
(k − l )(d + 2l − 4)(d + k + l − 3)ηabTa(k−1)b, b(l−1)m P
m
− 4
(k − l )(d + k + l − 3)(d + 2l − 4)ηa(2)Ta(k−1)b(2), b(l−1)m P
m, (2.23d)
Our basis has the virtue of making manifest the covariance properties under such transformations. This can be seen in various
ways both on the boundary and on the bulk side.[77,78] On the bulk side one considers the limit in which one of the external legs
is a gauge ﬁeld (either massless or partially-massless τ1 = d − 2− k with 0 ≤ k < J1) and extracts the corresponding higher spin
symmetry deformations δ(1) from the terms proportional to the equations of motion:∫
AdS
[
δ(0)J1
VJ1,J2,J3 + δ(1)ϕJ2ϕJ2 + δ(1)ϕJ3ϕJ2
]
, (2.24)
where we assume J1 to be a higher-spin killing tensor and δ
(0)
 is the the standard linear gauge symmetry transformation of (partially-
)massless higher-spin ﬁeld.11 There is actually an explicit form for δ(1) as a diﬀerential operator directly in terms of the cubic coupling
VJ1,J2,J3 in (2.9) in ambient space.[74] From this perspective, the crossing relations studied recently in [56] encode in general the
transformation properties of inﬁnite families of couplings with arbitrary spin external legs as inﬁnite modules under some higher-
spin transformations. Notice that from a bulk perspective one can go oﬀ-shell with respect to the bulk ﬁelds retaining the action of the
11 In ambient space formalism it is suﬃcient to restrict to the terms proportional to the ambient space Laplacian (see e.g. [74,77,79]).
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higher-spin generators. This entails an analytic continuation in dimensions which are now expanded over the whole principal series.
Our basis can be thought of as such an analytic continuation of the on-shell couplings ﬁxed by higher-spin symmetry.12 In particular
Equation (2.24) with the choice (2.9) constructively identiﬁes a convenient basis for the most general action of a conformal invariant
diﬀerential operators on totally symmetric representations directly in the ambient space formalism. One can further distinguish the
above diﬀerential operators into abelian or non-abelian ones as discussed in [74,85]. The boundary action of the above operators is
obtained by acting with the higher-spin generators on bulk-to-boundary propagator as done for instance in [86]. It is also interesting
to note that our basis of cubic couplings depends analytically on the external dimensions implying that also conformal diﬀerential
operators are nicely organised into such analytic families. It is tempting to think of this feature as related to the construction ofmassive
multiple singleton tensor product representations of higher-spin algebras which would require such operator families to exist.
2.2. Conformal Partial Waves
The normalisable part of a 4pt correlation function13 in CFT admit an expansion in terms of an orthogonal basis of conformal partial
waves (CPWs)[87–90]
〈O1,J1 (y1) . . .O4,J4 (y4)〉 =
∑
n,n¯,l
∫ d
2 +i∞
d
2 −i∞
d
2π i
an,n¯ (, l ) F n,n¯,l (yi )+ non-normalisable, (2.25)
where the integral is over the principal series and the coeﬃcient function an,n¯(, l ), which is meromorphic in , is the dynamical
piece which contains the OPE data of the normalisable exchanged operators. The latter is encoded in poles of, which are the scaling
dimensions of the physical exchanged spin-l primary operators in the chosen expansion channel, and the residue gives their OPE
coeﬃcients. The superscripts n and n¯ label the 3pt conformal structures that enter in the integral representation of the CPW,[60,61]
which for an s-channel14 CPW in the basis (2.7) of 3pt conformal structures is given by
(s)F n,n¯,l (yi ) =
κd−,l
π d/2
∫
dd y0
[[O1,J1 (y1)O2,J2 (y2)O,l (y0)]](n) [[O˜d−,l (y0)O3,J3 (y3)O4,J4 (y4)]](n¯), (2.26)
where O˜,l is the shadow operator which has scaling dimension d −  and spin-l . It is related to O,l via the shadow transform:15
O˜d−,l (y; z) = κ,l 1
π d/2
∫
dd y ′
1[
(y − y ′)2]d− (z · I(y − y ′) · ∂ˆz′)l O,l (y ′; z′) . (2.29)
The normalisation
κ,l = 	
(d −  + l )
	
(
 − d
2
) 1
( − 1)l
, (2.30)
ensures that applying (2.29) twice gives the identity. Note that, applying the deﬁnition (2.29), we have
[[O˜d−,l (y0; z0)O3,J3 (y3; z3)O4,J4 (y4; z4)]](n¯) = κ,l
1
π d/2
∫
dd y ′
1[
(y0 − y ′)2
]d− (z0 · I(y0 − y ′) · ∂ˆz′0)l
× [[O,l (y ′; z′0)O3,J3 (y3; z3)O4,J4 (y4; z4)]](n¯), (2.31)
12 See [80–84] and references therein for higher-spin algebras and their structure constants.
13 When referring to the non-normalisable part we mean any contribution of dimension  ≤ d2 , which in particular includes the identity.
14 To avoid confusion with the Mellin variables s and t , we use sans serif font to denote the s-, t- and u-channels.
15 Iμν (y) is the inversion tensor
Iμν (y) = δμν − 2yμyνy2 ; z1 · I(y) · z2 = z1 · z2 − 2
z1 · y z2 · y
y2
. (2.27)
The Thomas derivative[91] (see also [89])
∂ˆzi = ∂zi −
1
d − 2+ 2z · ∂z zi∂
2
z , (2.28)
accounts for tracelessness, i.e. z2 = 0.
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which, upon evaluation of the conformal integral in y ′, is generally a linear combination of basis elements (2.7). This is shown explicitly
in §A.16
Mellin space uncovers some interesting orthogonality properties for CPWs, as has been observed in [15]. In particular, since the
descendent contributions are entirely speciﬁed by the primary operator contribution via conformal symmetry, this allows to use
orthogonality of primary operator contributions to uncover the CPW expansion of correlators. In the following we extend this idea to
spinning CPWs (2.26) in the basis (2.7). From the position space perspective this corresponds to a detailed analysis of the collinear limit
of spinning CPWs, which we use to systematically work out the conformal partial wave expansion of 4pt correlators involving arbitrary
totally symmetric operators. This analysis also serves to illustrate the strengths of the basis (2.7) for analysing crossing symmetry. In
the following, for generality and ease of presentation we shall keep τ arbitrary. However, we stress here that we implicitly assume τ
to be on the principal series for most of our discussions. In this way the crossing kernels we derive can be systematically used inside
the spectral integral in the CPWE (2.25) of 4pt correlators.
3. Mack Polynomials and Inversion Formulae
The conformal partial wave expansion (CPWE) was ﬁrst formulated in Mellin space by Mack[29] for external scalar operators. In this
section we extend the formalism to include arbitrary spinning external operators in the totally symmetric representation. See [62] for
other recent work on the Mellin formalism with spinning external operators. We work primarily in the basis (2.7) which leads to a
factorisation of the external spin dependence. This allows us to derive orthogonality relations for spinning Mellin amplitudes and
study their inversion formulae.
External scalar operators. Let us ﬁrst consider the s-channel expansion of 4pt correlation function of scalar operators (i.e. Ji = 0,
n = n¯ = 0):
〈Oτ1,0 (y1) . . .Oτ4,0 (y4)〉 =
1(
y212
) 1
2 (τ1+τ2) (y234) 12 (τ3+τ4)
(
y224
y214
) τ1−τ2
2
(
y214
y213
) τ3−τ4
2
(s)A (u, v) , (3.1a)
(s)A (u, v) =
∑
l
∫ d
2 +i∞
d
2 −i∞
d
2π i
a0,0 (, l ) (s)F0,0,l (u, v) , (3.1b)
where in (3.1a) we pulled out the appropriate overall factor for an s-channel decomposition with cross ratios
u = y
2
12y
2
34
y213y
2
24
, v = y
2
14y
2
23
y213y
2
24
. (3.2)
The Mellin representation of the 4pt correlator (3.1a) is deﬁned by the (inverse) Mellin transform of the function of cross ratios (3.1b)
where following the conventions of [15] we have:17
(s)A (u, v) =
∫
ds dt
(4π i )2
ut/2v−(s+t)/2ρ{τi } (s , t) M (s , t) . (3.3)
HereM(s , t) is the Mellin amplitude associated to the original position space amplitude (3.1) and is deﬁned with respect to the Mellin
measure which, in our conventions, reads:
ρ{τi } (s , t) = 	
(−t + τ1 + τ2
2
)
	
(−t + τ3 + τ4
2
)
	
(
s + t
2
)
	
(−s − τ1 + τ2
2
)
	
(−s + τ3 − τ4
2
)
	
(
s + t + τ1 − τ2 − τ3 + τ4
2
)
.
(3.4)
Similarly, CPWs admit the Mellin representation
(s)F0,0τ,l (yi ) =
1(
y212
) 1
2 (τ1+τ2) (y234) 12 (τ3+τ4)
(
y224
y214
) τ1−τ2
2
(
y214
y213
) τ3−τ4
2
(s)F0,0τ,l (u, v) , (3.5a)
16 In particular, when there is more than one spinning operator in the 3pt correlator, it is crucial to keep in mind that the shadow 3pt conformal
structure (2.31) cannot be obtained by simply replacing  → d −  since there is more than one 3pt conformal structure for such spinning
correlators and the shadow is a linear combination of them. In this case one must apply the deﬁnition of the shadow transform as in the r.h.s of
(2.31).
17 Note that these conventions interchange the standard Mandelstam variables t and s , so that poles in t correspond to s-channel physical exchanges.
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(s)F0,0τ,l (u, v) =
∫
ds dt
(4π i )2
ut/2v−(s+t)/2ρ{τi } (s , t)
(s)F0,0τ,l (s , t) . (3.5b)
It is convenient to express the Mellin representation (s)F0,0τ,l (s , t) of the CPW (3.5) in the form[29]
(s)F0,0τ,l (s , t) = Cl ,τ (τi )l (t) (s)P0,0l ,τ (s , t), (3.6)
where
Cl ,τ (τi ) = 	(2l + τ )
(d − l − τ − 1)l 	
(
d
2
− l − τ
)
︸ ︷︷ ︸
κd−(l+τ ),l
α0,0,l ;τ3,τ4,τ
	
(
τ + τ1 − τ2
2
)
	
(
τ − τ1 + τ2
2
)
	
(
d − τ + τ3 − τ4
2
)
	
(
d − τ − τ3 + τ4
2
) (3.7a)
l (t) =
	
(
τ − t
2
)
	
(
d − 2l − t − τ
2
)
	
(−t + τ1 + τ2
2
)
	
(−t + τ3 + τ4
2
) , (3.7b)
and the coeﬃcient α0,0,l ;τ3,τ4,τ is deﬁned by Equation (A.11) and arises from the shadow transform (2.29). Equation (3.6) deﬁnes the
so-called Mack polynomials (s)P0,0l ,τ (s , t), which are degree l polynomials in both Mellin variables s and t .
18 Explicit expressions for
the Mack polynomials are complicated in general, and they are currently available in the form of nested sums (see [29] appendix 12)
which are extracted from the integral form (2.26) of the CPWs by employing the Symanzik star formula.[92] For our purposes, we ﬁnd
it is useful19 to express them in the following form
P (s)
τ,l ′ (s , t|τ1, τ2, τ3, τ4) =
4l
′
(
τ + τ1 − τ2
2
)
l ′
(
τ − τ1 + τ2
2
)
l ′
(d − l ′ − τ − 1)l ′ (l ′ + τ − 1)l ′
[l ′/2]∑
k=0
cl ′,k
⎡⎣ ∑∑
i ri=l ′−2k
pl
′,k
r1,r2,r3,r4
(s , t|τ1, τ2, τ3, τ4)
⎤⎦ , (3.8)
where the normalisation ensures that Pτ,l ′ (s , t) ∼ s l ′ + · · · , the coeﬃcients cl ′,k are the Gegenbauer expansion coeﬃcients deﬁned in
(B.7) and we introduced:
pl
′,k
ri
(s , t|τ1, τ2, τ3, τ4)
=
(
τ − t
2
)
k
(
d − 2l ′ − t − τ
2
)
k
(−d + τ + τ3 − τ4 + 2
2
)
k+r1+r2
(−d + τ − τ3 + τ4 + 2
2
)
k+r3+r4(
τ − τ1 + τ2
2
)
k+r1+r3
(
τ + τ1 − τ2
2
)
k+r2+r4
pri (s , t|τ1, τ2, τ3, τ4), (3.9)
with
pri (s , t|τ1, τ2, τ3, τ4) =
(−1)r1+r4
2r1+r2+r3+r4
(r1, r2, r3, r4)!
(
s + t
2
)
r1
(−s + τ3 − τ4
2
)
r2
(−s − τ1 + τ2
2
)
r3
(
s + t + τ1 − τ2 − τ3 + τ4
2
)
r4
.
(3.10)
The function l (t) in the Mellin representation (3.6) of CPWs exhibits poles at t = τ + 2m (m = 0, 1, 2, . . .) and also at the shadow
values t = d − τ − 2l + 2m, where each string of poles arises from one of the two the Gamma function factors in the numerator.
Here we label with l ′ and τ the spin and the twist of the CPW.20 The Mellin representation of the CPWs (3.6) factorises on these poles,
18 Our normalisation convention for the Mack polynomials pulls out the factor of πd/2 coming from the conformal integral (B.9) together with an
overall product of 	-functions. We furthermore pull out overall factors generated by the shadow transform (2.29), which includes κd−,l
πd/2
and the
shadow normalisation α0,0,l ;τ3,τ4,τ deﬁned in (A.11). All of these overall factors are included in Cl ,τ (τi ), given by Equation (3.7a). Although the
coeﬃcient Cl ,τ (τi ) is not symmetric, this convention will turn out convenient for our discussion below.
19 The virtue of the expression (3.8) is that it explicitly disentangles the contributions of trace terms in the expansion of Gegenbauer polynomials
(B.6) labelled by k. Trace terms encodes the lower spin traces of the tensor structures which are ﬁxed by conformal invariance and correspond to
descendant contributions.
20 A CPW is a sum of two conformal blocks with twist τ and shadow twist d − τ − 2l . To obtain the Mellin representation of a single conformal block
it is suﬃcient to project away all shadow poles in the variable t , which can be achieved by multiplying the CPW with the unique function having
zeros at all shadow poles and which is normalised to one at non-shadow poles.[93]
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whose residues are kinematical polynomialsQ0,0l ,τ,m(s ) of degree-l in the Mellin variable s which, up to an overall coeﬃcient, are given
by the Mack polynomials (3.8) at ﬁxed t = τ + 2m. In particular, we have:[29]
ρ{τi }(s , t)
(s)F0,0τ,l (s , t) = ρ˜{τi }(s , t)
∑
m
Q0,0l ,τ,m (s )
t − τ − 2m + shadow (3.11a)
Q0,0l ,τ,m (s ) =
(−1)m
m!
Cl ,τ (τi )	
(
d
2
− l −m− τ
)
(s)P0,0l ,τ (s , τ + 2m), (3.11b)
where for future convenience we also deﬁned the reduced Mellin measure:
ρ˜{τi } (s , t) = 	
(
s + t
2
)
	
(
s + t + τ1 − τ2 − τ3 + τ4
2
)
	
(−s − τ1 + τ2
2
)
	
(−s + τ3 − τ4
2
)
. (3.12)
The contributions from descendent poles m > 0 are subleading in the limit u  1 and furthermore they are entirely speciﬁed by
symmetry.
In [15] it was reported that the kinematical polynomials (3.11b) generated by the contribution from the lowest weight (primary)
operator (m = 0) are orthogonal. In particular, they can be expressed in terms of so-called continuous Hahn polynomials:[63]21
Q0,0l ,τ,0(s ) =
2−2l (l + τ − 1)l	(2l + τ )
	
(
l + τ + τ1 − τ2
2
)
	
(
l + τ − τ1 + τ2
2
)
	
(
l + τ + τ3 − τ4
2
)
	
(
l + τ − τ3 + τ4
2
) Q(τ,τ+τ1−τ2−τ3+τ4,−τ1+τ−2,τ3−τ4)l (s )
= (−1)l l !
(
N
(τ,τ+τ1−τ2−τ3+τ4,−τ1+τ−2,τ3−τ4)
l
)−1
Q(τ,τ+τ1−τ2−τ3+τ4,−τ1+τ2,τ3−τ4)l (s ), (3.13)
where in the last line we use the normalisation of the bilinear form for continuous Hahn polynomials (D.2) to express the overall
normalisation. We review the most pertinent properties of the continuous Hahn polynomials Qa,b,c,dl (s ) for this work in appendix §D.
The orthogonality of the kinematic polynomials can be used to seamlessly extract operator data from CFT 4pt functions in Mellin
space. In particular, given a 4pt function (3.1), its conformal block decomposition in Mellin space reads (see e.g. [15]):
ρ{τi } (s , t)M (s , t) =
∑
τ,l
a0,0τ,l
[∑
m
ρ˜{τi } (s , t)Q0,0l ,τ,m (s )
t − τ − 2m + · · ·
]
, (3.14)
where the . . . is an entire function of the Mellin variables (s , t) and
a0,0τ,l = −Resτ¯=τ a0,0 (τ¯ , l ) (3.15a)
= cO1O2Oτ,l cOτ,l O3O4 , (3.15b)
is the product of OPE coeﬃcients cO1O2Oτ,l and cOτ,lO3O4 . Using the orthogonality (D.2) of theQ0,0l ,τ,0(s ) polynomials, theOPE coeﬃcients
can be extracted from the Mellin amplitude on the l.h.s. of (3.14). Starting from the contributions from the lowest (leading) twist τmin
operators22 which are encoded in the pole t = τmin:
ρ˜{τi } (s , τmin)Mτmin (s ) = −Rest=τmin
[
ρ{τi } (s , t)M (s , t)
]
(3.16a)
= ρ˜{τi } (s , τmin)
∑
l
a0,0τmin,lQ0,0l ,τmin,0 (s ) , (3.16b)
using orthogonality of the Q0,0l ,τ,0(s ) polynomials (3.13) the conformal block expansion can be readily inverted to recovering the coeﬃ-
cients (3.15b) for τ = τmin:
a0,0τmin,l =
(−1)l
l !
∫ i∞
−i∞
ds
4π i
ρ˜{τi }(s , τmin)Mτmin (s )Q(τmin,τmin+τ1−τ2−τ3+τ4,−τ1+τ2,τ3−τ4)l (s ). (3.17)
21 We normalise the continuous Hahn polynomials so that the leading power in s has unit normalisation: Q(a,b,c,d)l (s ) ∼ s l + · · · . See §D for a review
of various relevant properties of continuous Hahn polynomials.
22 I.e. τmin = τ + 2m for some τ in the spectrum and some m. In practice there are two possible choices which we will consider in examples.
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For contributions from generic twist operators τ , the residue of the l.h.s of (3.14) at t = τ in general contains contributions from
descendents of lower twist τ ′ operators since τ = τ ′ + 2m for positive integer m. To extract the coeﬃcients (3.15) for generic τ , these
lower twist contributions ﬁrst have to be subtracted from the original Mellin amplitude, after which the coeﬃcients can be extracted
in the same way as for the lowest twist contributions outlined above. In §5.1 we present an eﬃcient method to project away lower
twist contributions which avoids having to directly subtract inﬁnite sums.
The above manifestation of the orthogonality of CPWs in Mellin space has thus far proven instrumental in obtaining crossing
kernels and inversion formulas for external scalar operators.[33,57] Crossing kernels invert, say, a t or u-channel CPW onto a particular
s-channel CPW along the lines of (3.17) where a given Mellin amplitude is expanded into the s-channel. In the following we shall
extend the above framework to include arbitrary totally symmetric spinning external operators, in the view of obtaining crossing
kernels and inversion formulae for the case of external spinning operators. We shall make extensive use of the new CFT basis (2.7),
which will turn out to conveniently disentangle contributions from diﬀerent spins in the s-channel.
External spinning operators. The deﬁnitions of Mack polynomials and their corresponding kinematic polynomials Q for to-
tally symmetric spinning external operators is a straightforward extension of the deﬁnitions (3.6) and (3.11a) for external scalar
operators:
(s)Fn,n¯τ,l
(
s , t|Wij
) = Cl ,τ (τi )l (t) (s)Pn,n¯l ,τ (s , t|Wij ), (3.18a)
ρ{τi }(s , t)
(s)Fn,n¯τ,l
(
s , t|Wij
) = ρ˜{τi }(s , t)∑
m
Qn,n¯l ,τ,m
(
s |Wij
)
t − τ − 2m + shadow, (3.18b)
Qn,n¯l ,τ,m
(
s |Wij
) = (−1)m
m!
Cl ,τ (τi )	
(
d
2
− l −m− τ
)
(s)Pn,n¯l ,τ (s , τ + 2m|Wij ), (3.18c)
where the normalisation Cl ,τ (τi ) is the same normalisation we used for scalar external legs (3.7a), (s)Pn,n¯l ,τ (s , t|Wij ) andQn,n¯l ,τ,m(s |Wij ) are
naturally the spinning extension of the Mack polynomial (3.8) and kinematic polynomial (3.13). Like for the case of external scalars,
they are obtained by using the Symanzik star formula to express the integral representation (2.26) of CPWs with external spinning
operators in Mellin form. This is explained in appendix §B. In the above and throughout this work, for simplicity and without loss of
generality we set to zero all tensor structures proportional to zi · zj , which can be reconstructed via conformal symmetry. This means
that we can focus on the tensorial structures Wij = zi · yi j /y2i j .23
Of course, the explicit form of the spinning Mack polynomials (s)Pn,n¯l ,τ (s , t|Wij ) depend on the choice of basis for the CPWs. As we
shall see in the following sections, the basis (2.26) with 3pt conformal structures (2.7) allows for a remarkably simple extension of the
above results on orthogonality and inversion formulae for external scalar operators. In particular, in the basis (2.7) the dependence
on the external spins is completely factorised from that of the exchanged spin l , which can be regarded a consequence of the trans-
formation properties of the basis (2.7) under global higher-spin transformations.[58] This property reduces the inﬁnite dimensional
inversion problem which involves inﬁnitely many exchanged operators to a ﬁnite dimensional one, since the factorisation implies
that also in the case of external spins we may restrict to a ﬁxed internal spin by projecting with the continuous Hahn polynomials.
This furthermore leads to a straightforward extension of the orthogonal polynomials (3.13) to arbitrary spinning external legs.
The following sections are organised as follows. We evaluate explicitly the polynomials (3.18c) for m = 0 in the basis (2.7) in var-
ious cases of increasing complexity, starting from the simplest case of s-channel CPWs with external operators of spins J -0-0-0 and
generic twist τi in §3.1, before moving on to J1-J2-0-0 in §3.2 and ﬁnally to J1-J2-J3-J4 in §3.3. This allows to study the extension the
orthogonality relations for external scalars to spinning external legs. In each case we furthermore study the extension of the inversion
formula (3.17) to spinning external legs and in §3.4 present an eﬃcient method to disentangle descendent contributions from those of
subleading twist operators. In §3.5 we give a simple application of the formalism to extract OPE coeﬃcients from correlation functions
of higher-spin currents in the free scalar O(N).
In the following sections it will prove convenient to ﬁx the normalisation asymmetrically as:
Qn,n¯l ,τ,0(s |Wij ) = Al ,τ (τi ) qn,n¯l ,τ (s |Wij ), (3.19)
with
Al ,τ (τi ) = 	(2l + τ )(d − l − τ − 1)l
1
	
(
τ + τ1 − τ2
2
)
	
(
τ − τ1 + τ2
2
)
	
(
2l + τ + τ3 − τ4
2
)
	
(
2l + τ − τ3 + τ4
2
) , (3.20)
which is related to Cl ,τ given in Equation (3.7a).
23 It is important to note that one can only drop all zi · zj after performing the conformal integrals in the representation (2.26) of the CPWs.
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3.1. J -0-0-0 Correlators
The simplest case to begin with is CPWs in the s-channel expansion of 4pt correlators with operators of spins J -0-0-0 and generic
twists τi . In this case we have n = (n, 0, 0) and n¯ = 0 and with n ≤ min(J , l ), and we therefore can switch to the more streamlined
notation:
(s)Fn,n¯l ,τ → (s)F (n)l ,τ . (3.21)
In the basis (2.7), the kinematic polynomials (3.19) take the form:
Q(n)l ,τ,0(s |Wij ) = Al ,τ (τi ) q(n)l ,τ (s |Wij ) (3.22a)
q
(n)
l ,τ (s |Wij ) =
(d − l − τ − 1)l (n+ l + τ − 1)l−n
4l−n
(
τ + τ1 − τ2
2
)
l+n
(
τ − τ1 + τ2
2
)
l−n
ϒ
(n)
J (s |Wij )
(−s + τ3 − τ4
2
)
n
(
s + τ + τ1 − τ2 − τ3 + τ4
2
)
n
× Q(τ,τ+τ1−τ2−τ3+τ4+2n,−τ1+τ2,τ3−τ4+2n)l−n (s ). (3.22b)
Notice that the dependence on the external spin is completely factorised from the dependence on the exchanged spin l , where the latter
furthermore appears through a continuousHahn polynomial. In particular, the polynomial (3.22a) for a single spin-J external operator
is a simple dressing of the result (3.13) for J = 0 by the l -independent tensor structure ϒ (n)J (s |Wij ) up to a shift of the arguments of
the continuous Hahn polynomial. The structure ϒ (n)J (s |Wij ) is a polynomial in both the Mellin variable s and Wij . Its explicit form
turns out to be rather simple:
ϒ
(n)
J (s |Wij ) = (W13 − W14)n ζJ−n(τ1 + n, τ2 − n, τ3 + n, τ4 − n, τ + 2n), (3.23)
where we introduced the basic polynomial:
ζJ (τi , τ ) =
∑
k3+k4≤J
(
J
k3, k4
)(− s − τ3 + τ42
)
k3
(
s + τ + τ1 − τ2 − τ3 + τ4
2
)
k4(
τ + τ1 − τ2
2
)
k3+k4
WJ−k3−k412 (−W13)k3 (−W14)k4 . (3.24)
An attractive feature of the factorised kinematic polynomial (3.22a) is that the leading term in W12 is orthogonal with respect to the
Mellin-Barnes bi-linear product (D.2).24 This orthogonal component is given explicitly by:
Q¯(n)l ,τ,0(s |Wij ) = Al ,τ (τi ) q¯(n)l ,τ (s |Wij ) (3.25a)
q¯
(n)
l ,τ (s |Wij ) =
(d − l − τ + 1− 2)l (n+ l + τ − 1)l−n
4l−n
(
τ + τ1 − τ2
2
)
n+l
(
τ − τ1 + τ2
2
)
l−n
ϒ¯
(n)
J (s |Wij )
(−s + τ3 − τ4
2
)
n
(
s + τ + τ1 − τ2 − τ3 + τ4
2
)
n
× Q(τ,τ+τ1−τ2−τ3+τ4+2n,−τ1+τ2,τ3−τ4+2n)l−n (s ) (3.25b)
ϒ¯
(n)
J = (W13 − W14)n WJ−n12 , (3.25c)
and originates from the k3 = k4 = 0 term in the tensor structure (3.23). The k3 > 0 and k4 > 0 terms in (3.23) which involve lower
powers of W12 play an analogous role to the descendent (m > 0) contributions in Equation (3.18b) which are ﬁxed by the primary
(m = 0) contributions due to conformal symmetry.
This J -0-0-0 example illustrates two attractive properties associated to the basis (2.7) of conformal structures, which furthermore
carry over to the general case of external operators with arbitrary spins J1-J2-J3-J4 which is presented in §3.2 and §3.3:
1. Factorisation of the dependence on the internal spin l from the dependence on the external spin J.
24 Note that the dependence on the Mellin variable s in the Pochammer factors on the second line of (3.22b) can be absorbed into the Mellin measure
in (3.18b), so that the argument of the continuousHahn polynomial in (3.22b) is shifted in precisely the same way as the re-deﬁnedMellinmeasure.
One can then apply the orthogonality of the continuous Hahn polynomials to conclude orthogonality of (2.5).
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2. The manifest orthogonality of leading terms in the kinematic polynomials (3.23), which arises as a consequence of the latter
factorisation.
Given the above orthogonality properties, like the external scalar case discussed earlier, we can study the conformal block decom-
position of a given Mellin amplitudeM(s , t|Wij ) with one spinning leg in, say, the s-channel:
ρ{τi } (s , t)M
(
s , t|Wij
) = ∑
τ,l ,n
a(n)τ,l
[∑
m
ρ˜{τi } (s , t)Q(n)l ,τ,m
(
s |Wij
)
t − τ − 2m + · · ·
]
, (3.26)
and in particular extract the expansion coeﬃcients. To do so, we evaluating the residue at a certain physical pole t = τ¯ :25
ρ˜{τi }(s , τ¯ )Mτ¯ (s |Wij ) = −Rest=τ¯
[
ρ{τi }(s , t)M(s , t|Wij )
]
(3.27a)
= ρ˜{τi }(s , τ¯ )
∑
l ,n
a(n)τ¯ ,lQ(n)l ,τ¯ ,0(s |Wij ). (3.27b)
For generic twists τ¯ , this residue will in general include contributions from more than one primary operator of twist t¯ and also
contributions from descendants of primary operators of lower twist t¯ − 2m for some positive integer m which we assume to have
subtracted away (see §5.1 for precisely how). To extract the coeﬃcients a(n)τ¯ ,l , we proceed iteratively in n: First one identiﬁes the tensor
structure with highest power J − n¯ of W12. This structure can only be produced by a single CPW and we can thus restrict to the
orthogonal component (3.25) thereof. One then extracts the corresponding coeﬃcients of Q(n¯)l ,τ¯ ,0(s |Wij ) using orthogonality:
a(n¯)τ¯ ,l =
(−1)l−n¯
(l − n¯)!
∫
ds
4π i
ρ˜{τi } (s , τ¯ )
[Mτ¯ (s |Wij )]ϒ¯ (n¯) Q(τ¯ ,τ¯+τ1−τ2−τ3+τ4+2n,−τ1+τ2,τ3−τ4+2n)l (s ), (3.28)
where [. . .]ϒ¯ (n) denotes the projection onto the coeﬃcient of the structure ϒ¯ (n). Once all coeﬃcients an¯τ¯ ,l have been determined,
one can use the factorisation of the l -dependence from the tensorial structure to re-sum over l and subtract it from the original
amplitude:
M˜τ¯ (s |Wij ) = Mτ¯ (s |Wij )−
∑
l
a(n¯)τ¯ ,lQ(n¯)l ,τ¯ ,0(s |Wij ). (3.29)
At this point we are left with a new Mellin amplitude M˜τ¯ (s |Wij ) whose leading power of W12 is lower than J − n¯ and we can iterate
the same steps as before with the help of (D.7) until all the coeﬃcients a(n)τ,l in the expansion (3.26) have been determined.
3.2. J 1- J 2-0-0 Correlators
In this subsection we consider s-channel CPWs with external operators of spins J1-J2-0-0 and generic twist τi . In this case, n¯ = 0 and
we may adopt the more streamlined notation
(s)Fn,n¯l ,τ → (s)Fnl ,τ . (3.30)
This case is the most general one in whichmixed-symmetry exchanges do not contribute in generic dimensions.26 The corresponding
kinematic polynomials (3.19) in the basis (2.7) take the factorised form:
Qnl ,τ,0(s |Wij ) = Al ,τ (τi ) qnl ,τ (s |Wij ) (3.31a)
qnl ,τ (s |Wij ) =
2n0 (d − l − τ − 1)l (n1 + n2 + l + τ − 1)l−n1−n2
4l−n1−n2
(
τ + τ1 − τ2
2
)
l−n1+n2
(
τ − τ1 + τ2
2
)
l−n2+n1
ϒnJ1,J2 (s |Wij )
(−s − τ1 + τ2
2
)
n1
(
s + τ
2
)
n1
×
(−s + τ3 − τ4
2
)
n2
(
s + τ + τ1 − τ2 − τ3 + τ4
2
)
n2
Q(τ+2n1,τ+τ1−τ2−τ3+τ4+2n2,−τ1+τ2+2n1,τ3−τ4+2n2)l−n1−n2 (s ). (3.31b)
25 The measure ρ and ρ˜ are deﬁned in (3.4) and (3.12).
26 For instance, one would need to considermixed symmetry blocks already in J1-0-J3-0 correlators expanded in the s-channel, as discussed in sections
§5.2.1, §5.2.2 and §5.2.3.
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As anticipated, the dependence on the external spins Ji is completely factorised into the tensor structure ϒnJ1,J2 (s |Wij ), which can be
conveniently expressed in terms of the basic polynomials inWij associated to the J1-0-0-0 and 0-J2-0-0 CPWs:
ζ
(1)
J (τi , τ ) =
∑
k3+k4≤J
(
J
k3, k4
)(− s − τ3 + τ42
)
k3
(
s + τ + τ1 − τ2 − τ3 + τ4
2
)
k4(
τ + τ1 − τ2
2
)
k3+k4
WJ−k3−k412 (−W13)k3 (−W14)k4 , (3.32a)
ζ
(2)
J (τi , τ ) =
∑
k3+k4≤J
(
J
k3, k4
)(− s + τ1 − τ22
)
k4
(
s + τ
2
)
k3(
τ − τ1 + τ2
2
)
k3+k4
(−W21)J−k3−k4Wk323Wk424 . (3.32b)
In terms of the above polynomials we have:27
ϒnJ1,J2 (s ) =
∑˜
k
(J1 − n2 − n0 − k + 1)k(J2 − n1 − n0 − k + 1)k
k!
(
2n0 − τ − τ1 − τ22
)
k
(W12W21)n0+k(W13 − W14)n2 ζ (1)J1−n2−n0−k
× (τ1 + n2, τ2 − n2, τ3 + n2, τ4 − n2, τ + 2n2)(W23 − W24)n1 ζ (2)J2−n1−n0−k(τ1 − n1, τ2 + n1, τ3 + n1, τ4 − n1, τ + 2n1).
(3.34)
In this case, the leading monomial in W12 and W21 is orthogonal and reads explicitly:
Q¯nl ,τ,0(s |Wij ) = Al ,τ (τi ) q¯nl ,τ (s |Wij ) (3.35a)
q¯nl ,τ (s |Wij ) =
2n0 (d − l − τ − 1)l (n1 + n2 + l + τ − 1)l−n1−n2
4l−n1−n2
(
τ + τ1 − τ2
2
)
l−n1+n2
(
τ − τ1 + τ2
2
)
l−n2+n1
(−s − τ1 + τ2
2
)
n1
(
s + τ
2
)
n1
(−s + τ3 − τ4
2
)
n2
×
(
s + τ + τ1 − τ2 − τ3 + τ4
2
)
n2
ϒ¯nJ1,J2 (s |Wij )Q
(τ+2n1,τ+τ1−τ2−τ3+τ4+2n2,−τ1+τ2+2n1,τ3−τ4+2n2)
l−n (s ) (3.35b)
ϒ¯nJ1,J2 (s ) = (−1)J2−n1−n0
(
− τ − τ1 − τ2
2
+ J1 − n2 + n0
)
J2−n1−n0(
− τ − τ1 − τ2
2
+ 2n0
)
J2−n1−n0︸ ︷︷ ︸
wn0
(W13 − W14)n2 (W23 − W24)n1WJ1−n212 WJ2−n121 . (3.35c)
Combining together the overall coeﬃcients the above can be neatly expressed in terms of the normalisation of the bilinear product
for continuous Hahn polynomials (D.2):
Q¯nl ,τ (s |Wij ) = (−1)l−n1−n2 (l − n1 − n2)!
(
N
(τ+2n1,τ+τ1−τ2−τ3+τ4+2n2,−τ1+τ2+2n1,τ3−τ4+2n2)
l−n1−n2
)−1 (−s − τ1 + τ2
2
)
n1
(
s + τ
2
)
n1
(−s + τ3 − τ4
2
)
n2
×
(
s + τ + τ1 − τ2 − τ3 + τ4
2
)
n2
ϒ¯nJ1,J2 (s |Wij )Q
(τ+2n1,τ+τ1−τ2−τ3+τ4+2n2,−τ1+τ2+2n1,τ3−τ4+2n2)
l−n1−n2 (s ), (3.36)
Unlike for the simpler J -0-0-0 CPWs considered in the previous section, in this case the orthogonal component (3.36) is degenerate
in 0 ≤ n0 ≤ min(J2 − n1, J1 − n2). I.e. the tensor structure in (3.35c) does not depend on n0, but the contribution of a given CPWwith
27 Here we use the short-hand notation
∑˜
≡
Min(J1−n2−n0,J2−n1−n0)∑
k=0
(3.33)
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n0 to that tensor structure comes with weightwn0 . Nonetheless, like for the J -0-0-0 case in the previous section, given a J1-J2-0-0Mellin
amplitude with s-channel conformal block expansion
ρ{τi } (s , t)M
(
s , t|Wij
) = ∑
τ,l
∑
n
a(n)τ,l
[∑
m
ρ˜{τi } (s , t)Q(n)l ,τ,m
(
s |Wij
)
t − τ − 2m + · · ·
]
, (3.37)
by considering the each physical residue of the Mellin amplitude:
ρ˜{τi }(s , τ¯ )Mτ¯ (s |Wij ) = −Rest=τ¯
[
ρ{τi }(s , t)M(s , t|Wij )
]
(3.38a)
= ρ˜{τi }(s , τ¯ )
∑
l
∑
n
a(n)τ¯ ,lQnl ,τ¯ ,0(s |Wij ), (3.38b)
we can apply the orthogonality relations above to access a weighted average in n0 of the conformal block expansion coeﬃcients
anτ¯ ,l = a(n1,n2,n0)τ¯ ,l :
∑
n0
a(n1,n2,n0)τ¯ ,l wn0︸ ︷︷ ︸〈
a
(n1 ,n2 ,n0)
τ¯ ,l
〉
= (−1)
l−n1−n2
(l − n1 − n2)!
∫
ds
4π i
ρ{τi },τ¯ (s )[Mτ¯ (s |Wij )]ϒ¯Q(τ¯+2n1,τ¯+τ1−τ2−τ3+τ3+2n2,−τ1+τ2+2n1,τ3−τ4+2n2)l−n1−n2 (s ). (3.39)
In order to access more than the weighted average one would need to consider the full ϒ -polynomial and not just its leading term ϒ¯ .
In general this is not a diﬃcult task and is discussed in more detail towards the end of §3.3, and is put into practice in the applications
section §5, §3.5 and §4.4
3.3. J 1- J 2- J 3- J 4 Correlators
Here we consider CPWs with external operators of spins J1-J2-J3-J4 and generic twist τi . For simplicity we restrict to CPWs with
n = (0, 0, n0) and n¯ = (0, 0, n¯0):28
(s)Fn,n¯l ,τ → (s)Fn0,n¯0l ,τ . (3.40)
This projection removes all contributions from mixed-symmetry operators in s-channel.
In this case, the kinematic polynomials (3.19) in the basis (2.7) take the form:
Qn0,n¯0l ,τ,0 (s |Wij ) = Al ,τ (τi ) qn0,n¯0l ,τ (s |Wij ) (3.41a)
q
n0,n¯0
l ,τ (s |Wij ) =
2n0+n¯0 (d − l − τ − 1)l (l + τ − 1)l
4l
(
τ + τ1 − τ2
2
)
l
(
τ − τ1 + τ2
2
)
l
(−1)J3+J4ϒn0,n¯0J1,J2,J3,J4 (s |Wij )Q
(τ,τ+τ1−τ2−τ3+τ4,−τ1+τ2,τ3−τ4)
l (s ), (3.41b)
where the dependence on the external spins J1-J2-J3-J4 is encoded in the tensor structure ϒ
n0,n¯0
J1,J2,J3,J4
(s |Wij ). In this case is the leading
monomial in W12, W21, W34 and W43 is orthogonal, which is given explicitly by
Q¯n0,n¯0l ,τ,0 (s |Wij ) = Al ,τ (τi ) q¯n0,n¯0l ,τ (s |Wij ) (3.42a)
q¯
n0,n¯0
l ,τ (s ) =
2n0+n¯0 (d − l − τ − 1)l (l + τ − 1)l
4l
(
τ + τ1 − τ2
2
)
l
(
τ − τ1 + τ2
2
)
l
(−1)J3+J4 ϒ¯n0,n¯0J1,J2,J3,J4 (s |Wij )Q
(τ,τ+τ1−τ2−τ3+τ4,−τ1+τ2,τ3−τ4)
l (s ), (3.42b)
ϒ¯
n0,n¯0
J1,J2,J3,J4
= (−1)J2+J3−n0−n¯0
(
− τ − τ1 − τ2
2
+ J1 + n0
)
J2−n0
(
− τ − τ3 − τ4
2
+ J3 + n¯0
)
J4−n¯0(
− τ − τ1 − τ2
2
+ 2n0
)
J2−n0
(
− τ − τ3 − τ4
2
+ 2n¯0
)
J4−n¯0
WJ112W
J2
21W
J3
34W
J4
43 . (3.42c)
28 The general case ni = 0 can be also worked out in detail but will be presented elsewhere.[59]
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In this case, in restricting to the structure (3.42c), there is a degeneracy in both n0 and n¯0. Combining the overall coeﬃcients (3.42a)
is given by
Q¯n0,n¯0τ,l ,0 (s |Wij ) = Kn0,n¯0τ,l WJ112WJ221WJ334WJ443 Q(τ,τ+τ1−τ2−τ3+τ4,−τ1+τ2,τ3−τ4)l (s ), (3.43)
with
K
n0,n¯0
τ,l =
4−l (l + τ − 1)l	(2l + τ )
	
(
2l + τ + τ1 − τ2
2
)
	
(
2l + τ − τ1 + τ2
2
)
	
(
2l + τ + τ3 − τ4
2
)
	
(
2l + τ − τ3 + τ4
2
)
︸ ︷︷ ︸
Nτ,l
× 2n0+n¯0 (−1)J2+J4−n0−n¯0
(
J1 + n0 + −τ + τ1 + τ22
)
J2−n0
(
J3 + n¯0 + −τ + τ3 + τ42
)
J4−n¯0(
4n¯0 − τ + τ1 + τ2
2
)
J2−n0
(
4n¯0 − τ + τ3 + τ4
2
)
J4−n¯0︸ ︷︷ ︸
wn0;n¯0
, (3.44)
where we have deﬁned the weights wn0;n¯0 associated to partial wave coeﬃcients labelled by n0 and n¯0.
Given a Mellin amplitudeM(s , t), using the orthogonal component (3.43) of the kinematic polynomial (3.19) we can then access
the weighted average of the coeﬃcients in the conformal block expansion:
ρ{τi } (s , t)M
(
s , t|Wij
) = ∑
τ,l
∑
n,n¯
an,n¯τ,l
[∑
m
ρ˜{τi } (s , t)Qn,n¯l ,τ,m
(
s |Wij
)
t − τ − 2m + · · ·
]
, (3.45)
where, taking the residue of the physical poles,
Mτ¯ (s |Wij ) := −Rest=τ¯M(s , t|Wij ) =
∑
l ,n,n¯
an,n¯τ¯ ,l Qn,n¯l ,τ¯ ,0(s |Wij ), (3.46a)
we have
∑
n0,n¯0
a0,0,n0;0,0,n¯0τ¯ ,l wn0,n¯0︸ ︷︷ ︸〈
a
0,0,n0;0,0,n¯0
τ¯ ,l
〉
= (−1)
l
l !
∫
ds
4π i
ρ{τi },τ¯ (s )
[Mτ¯ (s |Wij )]WJ112 WJ221 WJ334 WJ443 Q(τ¯ ,τ¯+τ1−τ2−τ3+τ3,−τ1+τ2,τ3−τ4)l (s ), (3.47)
which is an average of the a0,0,n0;0,0,n¯0τ¯ ,l with respect to the weights wn0;n¯0 . We discuss how to lift this degeneracy in n0 and n¯0 in the
following subsection, and also put it into practice towards the end of §3.5, §4.4 and in the applications considered in §5.
To conclude, it is useful to note that the orthogonal component (3.43) does not receive any contributions from s-channel CPWs
with at least one of the n1, n2, n¯1, n¯2 non-zero, and therefore also from possible mixed-symmetry operators in the s-channel which
contribute in general to spinning 4pt correlators. This is because mixed symmetry operators can only be generated when an internal
leg has indices contracted with at least two building blocks, say H and Y, in the integral representation (2.26). Otherwise, over-
symmetrisation would set the corresponding OPE structure to zero. As a consequence, in any generic dimensions d part of the CFT
data of solely totally symmetric operators can be read oﬀ by restricting to the tensorial structure:
WJ112W
J2
21W
J3
34W
J4
43 , (3.48)
within an otherwise generally complicated 4pt correlator, and applying the orthogonality properties of the continuous Hahn polyno-
mials. Further weighted averages can be accessed by focusing on diﬀerent tensor structures, as we will see in various examples. These
give further equations to extract the OPE data completely, as is discussed in the following.
Beyond the Weighted Average
In the preceding sections we observed that the orthogonality of the leading component ϒ¯ of theϒ -polynomials (3.35c) generally gives
access to only a weighted average of the OPE coeﬃcients at ﬁxed spins. This degeneracy can be lifted by looking at other, subleading,
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tensor structures in theϒ -polynomials in order to obtain further constraints to ﬁx all coeﬃcients an,n¯τ,l , and is nothing but the tensorial
analogue of disentangling the contributions from descendants when considering subleading twist operators.29
The basic idea is to focus on tensor structures in, say, (3.32) with either k3 or k4 non zero and rewrite the k-dependent Pochhammer
symbols as a sum of Pochhammer symbols with shifted arguments in such a way that they can be telescopically combined with the
overall Pochhammer symbols in (3.31b), e.g.:
(
s + γ
2
)
k
=
k∑
i=0
(
k
i
)
(−n)k−i
(
s + γ
2
+ n
)
i
. (3.49)
Combining the above decomposition with the prefactor in (3.31) simply gives a shifted ρ˜{τi }-measure. In this way one can reduce
the inversion formula to applications of Equation (D.7) which gives a decomposition of continuous Hahn polynomials with arbitrary
arguments in terms of those which are orthogonal with respect to a given ρ˜-measure:
Q(β1,β2,β3,β4)l = Q(α1,α2,α3,α4)l +
l−1∑
l ′=0
Zβ1,β2,β3,β4α1,α2,α3,α4Q
(α1,α2,α3,α4)
l ′ , (3.50)
where the Zβ1,β2,β3,β4α1,α2,α3,α4 are deﬁned by (D.7). The above shows that for a given ﬁxed external spins the overlap between CPWwith diﬀerent
exchanged spins in a given tensor structure is always ﬁnite dimensional, allowing to completely lift the degeneracy that comes with
restricting to a single structure in ﬁnitely many steps. In particular, in the case that αi − βi = 2ni , in terms of positive integer shifts
ni we also have that the sum over l ′ truncates from below.
In some cases when there is an inﬁnite twist degeneracy in spin the resummation over the exchanged spin l typically produces
distributions of the type δ(s + a) (see e.g. the end of §3.5). Using factorisation of the l -dependence from the dependence on external
spins in the basis (2.7), the problem reduces again to decomposing the tensor structures in the correlator into a sum ofϒ -polynomials
yielding at ﬁxed spins a ﬁnite dimensional linear system for the tensor structures which can be solved for the OPE coeﬃcients.
3.4. Disentangling Leading and Subleading Twists
As described in the preceding sections, contributions from sub-leading twist operators require extra work compared to those of leading
twist owing to the mixing between the descendants of lower twist operators and the sub-leading primary operators themselves.
In order to study eﬃciently subleading twist operators it is convenient to recall that conformal blocks associated to totally symmetric
representations of twist τ and spin l propagating in the internal leg satisfy the following quadratic and quartic Casimir equations:30
Ĉ2 u/2gτ,l (u, v|Wij ) = [l (d + l − 2)+ ( − d)]u/2gτ,l (u, v|Wij ), (3.52a)
Ĉ4 u/2gτ,l (u, v|Wij ) = [2( − d)2 + 12d(d − 1)( − d)+ l
2(d + l − 2)2 + 1
2
(d − 4)(d − 1)l (d + l − 2)] u/2gτ,l (u, v|Wij ). (3.52b)
Above Ĉ2 and Ĉ4 are diﬀerential operators representing the action of the Casimirs on 4pt functions.31 Following Alday,[13] from (3.52)
a diﬀerential operator can be constructed whose kernel consists of any conformal block of a given twist. This diﬀerential operator can
be ﬁxed in general to be of the form
T̂τ = Ĉ4 + a1
(Ĉ2)2 + a2 Ĉ2 + a3, (3.53)
in terms of the corresponding representations for the Casimir operators as diﬀerential operators on a given 4pt correlator. The coef-
ﬁcients are given by:
a1 = −12 , (3.54a)
29 It would be interesting to investigate the existence of diﬀerential operators which would project away speciﬁc conformal blocks and use them to
lift the degeneracy in the same way as when disentangling lower and higher twist operators in §3.4.
30 Our deﬁnition of the quadratic and quartic conformal Casimir operators is:
Cˆ2 = 12 L
ABL BA, Cˆ4 = 12 L
ABL BC LCDLDA, (3.51)
in terms of the generators L AB of the conformal group whose indices are raised and lowered with the d + 2 dimensional metric ηAB .
31 Note that in the case of spinning correlators one needs to include derivatives with respect to the spinning structures.
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a2 = +12
(
d(4τ + 7)− 2τ (τ + 2)− 4− 3d2) , (3.54b)
a3 = −12 τ (d − τ − 2)(d − τ )(2d − τ − 2), (3.54c)
simply from the knowledge of Eigenvalues of the Casimirs. Similar but diﬀerent choices of the coeﬃcients ai would give the cor-
responding twist block operator for mixed-symmetry representations. In the totally symmetric case, the corresponding Eigenvalue
equation is given by:
T̂τ uτ¯ /2g τ¯ /2(u, v|Wij ) = (τ¯ − τ )(2d − τ − τ¯ − 2)(d − 2l − τ − τ¯ )(d + 2l − τ + τ¯ − 2)2︸ ︷︷ ︸
λτ,τ¯
uτ¯ /2g τ¯ /2(u, vWij ), (3.55)
where the r.h.s is zero for τ = τ¯ and we can thus use T̂τ to project away all conformal blocks with a certain twist.32 Such a projection
reduces the problem of extracting OPE data of subleading twist operators to the problem of extracting leading twist OPE data from
projected CFT correlators.
In the following section we demonstrate how this idea works in practice by extracting the OPE coeﬃcients of subleading twist
double-trace operators from connected 4pt correlators in the free scalar O(N) model.
3.5. Consistency Check: FreeO(N) Model
An immediate application of the methods presented in this section is to extract the OPE coeﬃcients from known 4pt functions of
totally symmetric spinning operators using the inversion formulae derived in the previous sections. A simple example in which we can
test our framework is the free scalar O(N) model in d -dimensions. Its spectrum includes a tower of conserved, single-trace primary
operators Jl of even spin l , whose connected 4pt correlation functions are known explicitly in general d [64] (see also [95–97]) together
with their OPE coeﬃcients (single-trace,[64] [J0 J0]n,l double-trace[43,65]). Below we demonstrate howwe can seamlessly recover the latter
from the former by applying the inversion formula (3.47). At the end of this section we present some new results for leading twist
[Jl1 Jl2 ]n,l double-trace operators.
33
To apply the inversion formula (3.47), following the prescription outlined in §3.3 we restrict to the tensor structureWl112W
l2
21W
l3
34W
l4
43
in the connected 4pt correlators of higher-spin conserved currents Jli , which for canonically normalised 2pt functions reads:
[64]
〈
Jl1 (y1)Jl2 (y2)Jl3 (y3)Jl4 (y4)
〉
connected ∼ (−1)l2+l4
(
4∏
i=1
ci
) (
2
+ l2
)
l1
(

2
+ l3
)
l4(

2
)
l2
(

2
)
l4
Wl112W
l2
21W
l3
34W
l4
43
× 1
(y212)(y
2
34)
[
u/2 +
(u
v
)/2
+ u/2
(u
v
)/2]
, (3.56)
where  = d − 2 is the twist of the conserved currents Jl and we have deﬁned
c2i =
23−li−
√
π li !	
(

2
+ li
)
	(li +  − 1)
N 	
(

2
)2
	
(
li +  − 12
) . (3.57)
Recalling that in the s-channel limit u → 0 an operator of twist τ contributes as uτ/2, there are two types of s-channel contribution to
the correlator (3.56): The two terms proportional to u/2 encode the contributions from the tower of conserved currents Jl of twist ,
while the term proportional to u encodes contributions from their double-trace operators. TheOPE coeﬃcients of these contributions
can thus be extracted by projecting the corresponding terms in the correlator (3.56) onto conformal blocks in the s-channel using the
orthogonality of continuous Hahn polynomials, which we carry out in the following.
32 Similar idea was used in [94] to project away conformal blocks of a given dimension  and spin l , which requires only the quadratic Casimir C2.
The latter was employed to extract the conformal block expansion of mean-ﬁeld theory correlators.
33 The disconnected correlators and the extraction of the corresponding [J0 J0]n,l mean ﬁeld theory OPE coeﬃcients,[43,98,99] together with new results
for spinning external legs, is considered in the context of other applications of this formalism in §5.
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Single-trace
Let us ﬁrst extract the OPE coeﬃcients of the single-trace currents Jl , which each have the same twist  = d − 2.
At ﬁxed spins, the 3pt conformal structures for conserved currents in free scalar theories are those with n = 0 in the basis (2.7)
– see [58,100,101]. We can therefore use the inversion formula (3.47) to extract the full CPW expansion coeﬃcients (i.e. not just a
weighted average) of the conserved currents Jl since the only CPWs which contribute are those with n = n¯ = (0, 0, 0).34 We can then
expand the s-channel single-trace contributions to the correlator (3.56) in the form
(−1)l2+l4
(
4∏
i=1
ci
) (
2
+ l2
)
l1
(

2
+ l3
)
l4(

2
)
l2
(

2
)
l4
[
u/2 +
(u
v
)/2]
= u/2
∫ i∞
−i∞
ds
4π i
v−(s+)/2 ρ{} (s ,)
[∑
l
a(0,0)l Q0,0l ,,0(s )
]
W
l1
12 W
l2
21 W
l3
34 W
l4
43
.
(3.58)
Using the inversion formula (3.47), the conformal block expansion coeﬃcients a(0,0)l are given by
a(0,0)l =
(−1)l+l2+l4
2l !
(w0,0)−1
(
4∏
i=1
ci
) (
2
+ l2
)
l1
(

2
+ l3
)
l4(

2
)
l2
(

2
)
l4
∫ i∞
−i∞
ds
2π i
[
δ(s )+ δ
(
s + 
2
)]
Q(/2,/2,0,0)l (s ) (3.59a)
= (−1)
l
l !
(
4∏
i=1
ci
)[
Q(/2,/2,0,0)l (0)+ Q(/2,/2,0,0)l (−/2)
]
(3.59b)
=
[
1+ (−1)l
2
]( 4∏
i=1
ci
)√π2−−l+2	(l + 
2
)
	(l+− 1)
l !	
(

2
)2
	
(
l + 
2
− 1
2
) . (3.59c)
In the above we used that the Mellin transform of a free CFT correlator is a distribution.35 Equation (3.59c) precisely recovers the
known expressions for the OPE coeﬃcients of all single-trace higher-spin conserved currents in the d -dimensional free scalar O(N)
model, which were obtained in [64] via Wick contractions.
We can also verify the non-trivial cancellation of contributions from descendant operators in the conformal block expansion upon
summing over spins – i.e. all the u/2+m form > 0 in the conformal block expansion of (3.58) cancel by themselves. This can be seen
by acting on (3.58) with the twist operator T̂τ deﬁned in (3.53) for τ = , which for instance in the case of external scalars gives:
T̂
[
u/2 +
(u
v
)/2]
= 0. (3.62)
The terms proportional to u/2 in the correlator therefore comprise a twist block[13] with no higher-twist component since it lies in
the kernel of T̂.36 We have checked the above also for spinning correlators using the explicit form of the twist operator (3.53) for
when the Casimir operators are acting on spinning correlators, but do not present the derivation here as the corresponding Casimir
operators are rather lengthy.
34 This is most clearly seen from the integral representation (2.26) of CPWs. The vectors n and n¯ label the three-point conformal structures entering
the integral representation, which in a free scalar theory can only be those with n = n¯ = (0, 0, 0) for single-trace operators.
35 In particular, the formula[102,103]
δ(s + ) ≡
∫ ∞
0
dx xs−1 x. (3.60)
The above distribution is deﬁned by the property∫ i∞
−i∞
ds
2π i
δ(s + ) f (s ) = f (−). (3.61)
36 This is also in accordance with the explicit calculation of Diaz and Dorn[104] for external scalars.
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[ J 0 J 0]n,l Double-Trace
The double-trace contributions are encoded in the term proportional to u in the correlator (3.56). Unlike the term proportional to u

2
in (3.56) which encodes the single-trace contributions, this term is not a twist block but decomposes as an inﬁnite sum of twist blocks
owing to the diﬀerent twists τn = 2 + 2n of double-trace operators labelled by n = 0, 1, 2, 3, . . ..37 To extract the OPE coeﬃcients
for a given twist τn using the inversion formulae, we ﬁrst have to project away all lower twist τi contributions and their descendants
(where i = 0, . . . , n− 1) from the u term in the correlator (3.56), which can be done by acting successively with the operators T̂2+2n.
For simplicity, in the following we only consider the case of external scalar operators J0 for which the OPE coeﬃcients of the
corresponding double-trace operators [J0 J0]n,l in general d are available in the literature.[65,66] In the next section we will study the case
of external spinning operators and present new results for conformal block expansion coeﬃcients of [Jl1 Jl2 ]0,l double-trace operators.
The term u encoding all double-trace contributions in the connected correlator (3.56) for external scalars (Ji = 0) reads
A[J0 J0]conn. (u, v) =
4
N
u/2
(u
v
)/2
. (3.63)
To extract the OPE coeﬃcients of the double-trace operator [J0 J0]n,l , we must ﬁrst project away all contributions from lower twist
double trace operators [J0 J0]i,l with i = 0, 1, . . . , n− 1 (see §3.4):
[
n−1∏
i=0
T̂2+2iA[J0 J0](u, v)
]
=d−2
= 4
N
(−2)3n
(
d − 2
2
)4
n
ud−2+n
v
d−2
2 +n
⎡⎢⎢⎣n−1∑
i=0
(n
i
) (d
2
− 1
)
i(
d
2
+ n− i − 1
)
i
vi
⎤⎥⎥⎦+O(ud−2+n+1). (3.64)
For 4pt correlators with external scalar operators, the only CPWs which contribute are those with n = n¯ = 0, and so we may expand:[
n−1∏
i=0
T̂2+2iA[J0 J0](u, v)
]
=d−2
= u+n
∫ i∞
−i∞
ds
4π i
v−(s+2+2n)/2ρ{},τn (s )
∑
l
aτn,l Q0,0l ,τn,0(s )+O(u+n+1). (3.65)
We can now use the orthogonality of continuous Hahn polynomials to extract all the double-trace conformal block expansion coeﬃ-
cients aτn,l , following the same steps as for the single-trace contributions above:
aτn,l =
4
N
(−2)3n
αn
(
d − 2
2
)4
n
n∑
i=0
(n
i
) (d − 2
2
)
i(
d
2
+ n− i − 1
)
i
Q2(d−2)+2n,2(d−2)+2n,0,0l (2− d − 2i ), (3.66)
where:
αn(τ ) =
n−1∏
i=0
λτ+2i,τ+2n = (−2)3n n!
(
d
2
+ l
)
n
(d − 2n− τ )n
(
−d
2
+ l + n+ τ
)
n
, (3.67)
is the product of Eigenvalues λτ+2i,τ+2n of the operators T̂τ+2i deﬁned by Equation (3.55), where for (3.66) we have τ = τ0 = 2. The
sum (3.66) can be performed analytically by ﬁrst expanding the hypergeometric function 3F2 inside the continuous Hahn polynomial
and then performing the sum over i term by term. The latter sum gives a 2F1 at argument38 z= 1 which can be re-summed in a single
term using Gauss’ formula. After this step we arrive to:
aτn,l =
4
N
(−2)3n
αn
(
d − 2
2
)4
n
l∑
k=0
√
π (−1)k	
(
d
2
+ k − 1
)
2−2d−l−2n+6	(d + l + n− 2)	(2d + k + l + 2n− 5)
	(k + 1)	(d + k − 2)	
(
d
2
+ n− 1
)
	(−k + l + 1)	(d + k + n− 2)	
(
d + l + n− 5
2
)
37 The implication of this is that in the conformal block expansion of (3.63) the descendent contributions uτn/2+m (n = 0, 1, 2, . . . and m > 0) and
higher-twist primary contributions uτn/2 with n > 0 must cancel among each other. We thank Tassos Petkou for discussions on this point.
38 Upon expanding the 3F2 in the deﬁnition of the continuous Hahn polynomial, the sum over i can be performed using the identity:
n∑
i=0
(
n
i
)
	
(
d
2
− i + k + n− 1
)(
d − 2
2
)
i
= 	
(
d + 2k + 2n− 2
2
)
2F1
⎛⎜⎜⎝ −n,
d
2
− 1
− d
2
− k − n+ 2
; 1
⎞⎟⎟⎠ (3.68)
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= (−2)
3n
αn
(
d − 2
2
)4
n
π2−3d−l−2n+9	(d + l + n− 2)	(2d + l + 2n− 5)
	
(
d − 1
2
)
	(l + 1)	(d + n− 2)	
(
d + 2n− 2
2
)
	
(
2d + 2l + 2n− 5
2
)
× 3F2
⎛⎝−l , d2 − 1, 2d + l + 2n− 5
d − 2, d + n− 2
; 1
⎞⎠ . (3.69)
The above can be further simpliﬁed to a simple term using the identity:
3F2
⎛⎝−l , d2 − 1, 2d + l + 2n− 5
d − 2, d + n− 2
; 1
⎞⎠ = 1+ (−1)l
2
(l − 1)!!
(
d + 2n− 2
2
)
l
2
2l/2
(
d − 1
2
)
l
2
(d + n− 2) l
2
. (3.70)
Simplifying everything we arrive to the result:
aτn,l =
4
N
1+ (−1)l
2
√
π2−d−l+3
(
d − 2
2
)4
n
	
(
d + l − 5
2
+ n
)
	(d + l + n− 2)	
(
d + l − 2
2
+ n
)
n!
(
l
2
)
!	
(
d + l − 1
2
)
(4− d − 2n)n	
(
d
2
+ n− 1
)2 (d
2
+ l
)
n
(
3d
2
+ l + n− 4
)
n
	
(
d + l + n− 5
2
) ,
(3.71)
which precisely agrees with the for general d result obtained in [66,103] via Wick contractions, and the d = 4 result.[43]
[ J l1 J l2 ]0,l Double-Trace
For the double-trace contribution to the correlator with external spinning operators, restricting to the leading tensor structure
Wl112W
l2
21W
l3
34W
l4
43 as in (3.56) only gives access to a weighted average of the conformal block expansion coeﬃcient since, unlike for
the case of single-trace operators above, for a given exchanged spin l it is not known which CPWs contribute and there could be
more than one contributing in principle. To go beyond the weighted average, the full tensor structure of the correlator must therefore
be considered. We demonstrate this in the following, where for simplicity we consider l1-l2-0-0 correlators and the contributions of
double-trace operators [Jl1 Jl2 ]0,l of leading twist τ0 = 2.
To this end, we express the result for the connected 4pt correlation function in terms of the ϒ polynomials (3.34):
〈
Jl1 (y1, z1)Jl2 (y2, z2)O(y3)O(y4)
〉
conn. =
cl1l200
N(y212)(y
2
34)
(
u/2ϒ0,0,0l1,l2 (−|Wij )+
(u
v
)/2
ϒ
0,0,0
l1,l2
(0|Wij )+ uv−/2ϒ l2,l1,0l1,l2 (−|Wij )
)
,
(3.72)
where
c2l1l200 =
28−2−l1−l2π 	
(
l1 + 2
)
	(l1 +  − 1)	
(
l2 + 2
)
	(l2 +  − 1)
l1!l2!	
(

2
)4
	
(
l1 + 2 −
1
2
)
	
(
l2 + 2 −
1
2
) , (3.73)
andwe recall that the contribution proportional to u encodes the double-trace contributions in the s-channel. The latter is proportional
to a singleϒ polynomial (3.34) with n = (l2, l1, 0) and thus in this case only a single conformal partial wave contributes in the s-channel
for each exchanged spin l . We may now therefore restrict to the orthogonal component ϒ¯ l2,l1,0l1,l2 of the ϒ
l2,l1,0
l1,l2
polynomial deﬁned in
Equation (3.35c). To extract the contributions from double-trace operators of leading twist τ0 = 2 we expand
cl1l200 u
ϒ¯
l2,l1,0
l1,l2
∫ i∞
−i∞
ds
2π i
v−(s+2)/2δ (s + ) = u
∫ i∞
−i∞
ds
4π i
ρ˜{}(s , 2)
∞∑
l=0
a
[Jl1 Jl2 ][]
0,l Q¯l2,l1,0l ,2,0(s |Wij ), (3.74)
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where the a
[Jl1 Jl2 ][]
n=0,l are the conformal block expansion coeﬃcients in the s-channel
39 and
ρ˜{}(s , 2) = 	
(
s + 2
2
)2
	
(
− s
2
)2
. (3.75)
Using the orthogonality of the Q¯ polynomials (see §3.2), the above can be inverted as:
a
[Jl1 Jl2 ][]
0,l =
(−1)l−l1−l2 cl1l200
(l − l1 − l2)!
∫ i∞
−i∞
ds
2π i
δ (s + ) Q2+2l2,2+2l1,2l2,2l1l−l1−l2 (s )
= 1+ (−1)
l−l1−l2
2
(
l1 + 2
)
l−l1−l2
2
(
l2 + 2
)
l−l1−l2
2(
l − l1 − l2
2
)
!
(
l1 + l2 + l + 2 − 1
2
)
l−l1−l2
2
. (3.76)
4. Crossing Kernels
In this section we employ our formalism to study the crossing kernels of spinning CPWs.We shall restrict to the orthogonal 4pt tensor
structures (3.43), which in general allow us to access the weighted averages of the expansion coeﬃcients of t- and u-channel CPWs
into the s-channel for totally symmetric spectra (i.e. the 6j symbols for generic spinning totally symmetric operators). In order to lift
these degeneracies, in general the analysis for tensor structure (3.43) needs to be supplemented with other tensor structures, which
we demonstrate in §4.4, §5.2.1, §5.2.2 and §5.2.3.
For ease of presentation, we begin in §4.1 by considering crossing kernels of CPWs for an exchanged scalar primary operator and
generic spinning external legs. In the subsequent section §4.2 we extend the analysis to also include exchanged primary operators of
arbitrary spin, keeping generic the spinning external legs.40
For simplicity we focus on the crossing kernels of spinning OPE structures with n = n¯ = 0, which are relevant for instance in
applications to spinning correlators in the O(N)-model. For particular choices of the spins, this computation can be applied also to
more general CFTs like conformal QED or similar examples.41
Finally, in this section we will keep the exchanged twist arbitrary and not distinguish between leading and sub-leading twists. Such
contributions are straightforwardly disentangled by acting with the diﬀerential operators presented in §3.4.
4.1. Exchanged Scalar: W J 112 W
J 2
21 W
J 3
34 W
J 4
43
In this sectionwe study the s-channel expansion of t- and u-channel spinningCPWs for an exchanged scalar primary operator.We focus
on their projection onto s-channel CPWswith ns = (0, 0, ns,0) and n¯s = (0, 0,ms,0), for which the relevant orthogonal polynomials were
derived in §3.42 The restriction to such structures in the s-channel and to the leading term WJ112W
J2
21W
J3
34W
J4
43 allows us to focus on the
crossing kernels of t- and u-channel CPWs with nt = n¯t = (0, 0, 0) and nu = n¯u = (0, 0, 0). The latter are the only t- and u-channel
CPWs with an exchanged scalar (l ′ = 0) which generate contributions involving the tensor structureWJ112WJ221WJ334WJ443 . Since spinning
CPWs for an exchanged scalar operator in any channel are characterised by n = (0, 0, n0) and n¯ = (0, 0, n¯0), this study is complete
when restricting to contributions from the exchange of scalar primary operators in all channels. The external integer spins J1-J2-J3-J4
and twists τi are kept generic throughout.
We ﬁrst determine the explicit Mellin representation of the t- and u-channel CPWs. Note that, since the goal is to decompose them
into their s-channel contributions, we establish their Mellin representations using the conventions for an s-channel expansion (which
39 Note that in this case both double trace operators [Jl1 Jl2 ] and [] contribute. Since they are degenerate in spin and scaling dimension the coeﬃcient
a
[Jl1 Jl2 ][]
0,l gives an average of both contributions.
40 It might be useful to note here that, although Mack polynomials are derived from conformal partial waves deﬁned for integer values of the spin,
the ﬁnal result for the crossing kernel after performing the Mellin-space integral obtained by applying the inversion formulas derived in this work
is expressed in terms of 4F3 – whose dependence on the spin is analytic.
41 For instance, in the case of only external scalars there is only one structure with n = n¯ = 0 and therefore our result applies in full generality. Similar
examples can be found in the case that J1 and J2 are arbitrary and J3 = J4 = 0 with l ′ = 0, where also in this case the number of possible structures
reduces to a single one for certain spinning correlators.
42 Here we introduced the label s, t and u on the n andm to indicate that we are considering an s, t or u-channel CPW expansion respectively.
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are given at the beginning of §3). In particular, as in (3.1a) we pull out the overall factor appropriate for an s-channel decomposition:
(t)F0,0τ,0 (yi ) =
1(
y212
) 1
2 (τ1+τ2) (y234) 12 (τ3+τ4)
(
y224
y214
) τ1−τ2
2
(
y214
y213
) τ3−τ4
2
(t)F0,0τ,0 (u, v|Wij ) (4.1a)
(u)F0,0τ,0 (yi ) =
1(
y212
) 1
2 (τ1+τ2) (y234) 12 (τ3+τ4)
(
y224
y214
) τ1−τ2
2
(
y214
y213
) τ3−τ4
2
(u)F0,0τ,0 (u, v|Wij ) (4.1b)
and establish the Mellin representation
(t)F0,0τ,0 (u, v|Wij ) =
∫
dsdt
(4π i )2
ut/2v−(s+t)/2ρ{τi },τ (s , t)
(t)F0,0τ,0 (s , t|Wij ) (4.2a)
(u)F0,0τ,0 (u, v|Wij ) =
∫
dsdt
(4π i )2
ut/2v−(s+t)/2ρ{τi },τ (s , t)
(u)F0,0τ,0 (s , t|Wij ). (4.2b)
The aboveMellin representation of the t-and-u-channel CPWs are straightforwardly obtained from the s-channel expression (3.18a) by
making the following replacements: to obtain the t-channel (4.2a), in the s-channel expression (3.18a) we swap 2 ↔ 4 for all indices
associated to external legs and replace (s , t) → (s + τ4 − τ2,−s − t + τ2 + τ3). For the u-channel (4.2b), we swap 2 ↔ 3 for all indices
associated to external legs and replace (s , t) → (t − τ1 − τ4, s + τ1 + τ4). The shifts in the Mellin variables are a consequence of using
the conventions (4.1) for an s-channel expansion.
To expand the t- and u-channel CPWs (4.2) in terms of s-channel contributions, following §3.3 we focus on the tensor structure
WJ112W
J2
21W
J3
34W
J4
43 :
[
(i )F0,0τ,0 (s , t|Wij )
]
W
J1
12 W
J2
21 W
J3
34 W
J4
43
=
(
− t − τ1 − τ2
2
)
J1+J2
(
− t − τ3 − τ4
2
)
J3+J4
M
(i )
J1,J2,J3,J4
(s , t). (4.3)
with i labelling the channel: i = t or u. In particular, we have:
M
(t)
J1,J2,J3,J4|0(s , t) =
(−1)J1+J3 	(τ )
	
(
d
2
− τ
)
	
(
J1 + τ + τ1 − τ42
)
	
(
J2 + τ + τ2 − τ32
)
	
(
J3 + τ − τ2 + τ32
)
	
(
J4 + τ − τ1 + τ42
)
×
	
(
s + t + d − τ − τ2 − τ3
2
)
	
(
s + t + τ − τ2 − τ3
2
)
	
(
s + t
2
)
	
(
s + t + τ1 − τ2 − τ3 + τ4
2
) (4.4a)
M
(u)
J1,J2,J3,J4|0(s , t) =
(−1)J1+J2 	(τ )
	
(
d
2
− τ
)
	
(
J1 + τ + τ1 − τ32
)
	
(
J3 + τ − τ1 + τ32
)
	
(
J2 + τ + τ2 − τ42
)
	
(
J4 + τ − τ1 + τ42
)
×
	
(
d − s − τ − τ1 − τ4
2
)
	
(−s + τ − τ1 − τ4
2
)
	
(−s − τ1 + τ2
2
)
	
(−s + τ3 − τ4
2
) , (4.4b)
which can be obtained using the techiques in Appendix B. Note that (4.4a) and (4.4b) exhibit no poles for positive t . All poles for
positive t thus arise from the Mellin measure ρ{τi }(s , t), in accordance with the fact that an t or u-channel CPW/conformal blocks
decompose in the s-channel in terms of double-trace/double-twist operators.
Using the orthogonality relations established in the previous section we can access the weighted averages of the s-channel expansion
coeﬃcients for the t and u-channel CPWs above, which we carry out in the following.
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Crossing Kernels
Given (4.3), we can study the crossing kernels of the t- and u-channel CPWs (4.1) into the s-channel by expanding their expressions
(4.3) in terms of the kinematic polynomials (3.43) in the Mellin variable s – which corresponds to an s-channel conformal block
expansion in Mellin space – and using the orthogonal projections derived in §3.
Equal twists. For simplicity let us ﬁrst consider the case in which the external operators have equal twist τi = , before giving the
result for generic twist. We have:
M
(t)
J1,J2,J3,J4|0(s , t) =
(−1)J1+J3 	(τ )
	
(
d
2
− τ
)
	
(
J1 + τ2
)
	
(
J2 + τ2
)
	
(
J3 + τ2
)
	
(
J4 + τ2
) 	
(
s + t + d − τ − 2
2
)
	
(
s + t + τ − 2
2
)
	
(
s + t
2
)2 ,
(4.5a)
M
(u)
J1,J2,J3,J4|0(s , t) =
(−1)J1+J2 	(τ )
	
(
d
2
− τ
)
	
(
J1 + τ2
)
	
(
J3 + τ2
)
	
(
J2 + τ2
)
	
(
J4 + τ2
) 	
(
d − s − τ − 2
2
)
	
(−s + τ − 2
2
)
	
(
− s
2
)2 .
(4.5b)
Focusing only on the s dependence (i.e. assuming to have performed the t integral and that t is thus ﬁxed by the value at the corre-
sponding double-trace residue), we consider the following expansion (see §3.3):43,44
M
(i )
J1,J2,J3,J4|0(s , t) =
∑
l ,n0,n¯x
c (n0,n¯0)l (t)
[
Q(n0,n¯0)t,l ,0 (s )
]
W
J1
12 W
J2
21 W
J3
34 W
J4
43
(4.6)
where, using the orthogonality relations of the continuous Hahn polynomials, we can extract the weighted average:
〈
c (i )l (t)
〉
= (−1)
l
l !
∫ i∞
−i∞
ds
4π i
ρ{},t (s )M
(i )
J1,J2,J3,J4|0(s , t) Q
(t,t,0,0)
l (s )︸ ︷︷ ︸
I
(i )
J1 ,J2 ,J3 ,J4 |l ,0(t)
. (4.7)
The coeﬃcients I(i )J1,J2,J3,J4|l ,0 are related to the 6j symbols (or Racah-Wigner coeﬃcients) for the conformal group. Their explicit form
can be obtained by evaluating the integral using methods similar to those employed in [33], which we review in §E. This gives
I
(i )
J1,J2,J3,J4|l ,0 (t) = B
(i )
J1,J2,J3,J4
(−2)l	
(
d + t − 2 − τ
2
)2
	
(
t − 2 + τ
2
)2 ( t
2
)2
l
l !	
(
d
2
+ t − 2
)
(t + l − 1)l
4F3
⎛⎜⎜⎝−l , t + l − 1,
d + t − τ
2
− , t + τ
2
− 
t
2
,
t
2
,
d
2
+ t − 2
; 1
⎞⎟⎟⎠
(4.8)
where the dependence on the external spins Ji is completely factorised into the coeﬃcient B(i )J1,J2,J3,J4 , which in the t-channel reads:
B(t)J1,J2,J3,J4 =
(−1)J1+J3	(τ )
	
(
d
2
− τ
)
	
(
J1 + τ2
)
	
(
J2 + τ2
)
	
(
J3 + τ2
)
	
(
J4 + τ2
) , (4.9)
43 Recall that, when restricting to the leading structure WJ112W
J2
21W
J3
34W
J4
43 , t- and u-channel CPWs with nt = nu = n¯t = n¯u = (0, 0, 0) only contribute
to s-channel CPWs with ns = (0, 0, n0) and n¯s = (0, 0, n¯0).
44 Note that, for poles corresponding to double-trace operators of subleading twist, this expansion also contributions from descendents of leading
twist operators (with scaling dimension equal to that of the subleading twist operator) which should be disentangled. We explain and demonstrate
how to disentangle such descendent contributions in §5.1.
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and, in the u-channel:
B(u)J1,J2,J3,J4 = (−1)l
(−1)J1+J2	(τ )
	
(
d
2
− τ
)
	
(
J1 + τ2
)
	
(
J2 + τ2
)
	
(
J3 + τ2
)
	
(
J4 + τ2
) . (4.10)
Generic twists. The above steps straightforwardly extend to external operators of diﬀerent twists τi , in which case one obtains the
following crossing kernels:
I
(t)
J1,J2,J3,J4|l ,0 (t) = B
(t)
J1,J2,J3,J4
(−2)l
(
t + τ1 − τ2
2
)
l
(
t + τ3 − τ4
2
)
l
2l !(t + l − 1)l
×
	
(
d + t − τ − τ1 − τ3
2
)
	
(
d + t − τ − τ2 − τ4
2
)
	
(
t + τ − τ1 − τ3
2
)
	
(
t + τ − τ2 − τ4
2
)
	
(
d − τ1 − τ2 − τ3 − τ4
2
+ t
)
× 4F3
⎛⎜⎜⎝−l , t + l − 1,
d + t − τ − τ2 − τ4
2
,
t + τ − τ2 − τ4
2
t + τ1 − τ2
2
,
t + τ3 − τ4
2
,
d − τ1 − τ2 − τ3 − τ4
2
+ t
; 1
⎞⎟⎟⎠ (4.11a)
I
(u)
J1,J2,J3,J4|l ,0 (t) = B
(u)
J1,J2,J3,J4
(−2)l
(
t − τ1 + τ2
2
)
l
(
t + τ3 − τ4
2
)
l
2l !(t + l − 1)l
×
	
(
d + t − τ − τ2 − τ3
2
)
	
(
d + t − τ − τ1 − τ4
2
)
	
(
t + τ − τ2 − τ3
2
)
	
(
t + τ − τ1 − τ4
2
)
	
(
d − τ1 − τ2 − τ3 − τ4
2
+ t
)
× 4F3
⎛⎜⎜⎝−l , t + l − 1,
d + t − τ − τ1 − τ4
2
,
t + τ − τ1 − τ4
2
t − τ1 + τ2
2
,
t + τ3 − τ4
2
,
d − τ1 − τ2 − τ3 − τ4
2
+ t
; 1
⎞⎟⎟⎠, (4.11b)
the coeﬃcients read in this case:
B(t)J1,J2,J3,J4 =
(−1)J1+J3 	(τ )
	
(
d
2
− τ
)
	
(
J1 + τ + τ1 − τ42
)
	
(
J2 + τ + τ2 − τ32
)
	
(
J3 + τ − τ2 + τ32
)
	
(
J4 + τ − τ1 + τ42
) (4.12a)
B(u)J1,J2,J3,J4 =
(−1)J1+J2+l 	(τ )
	
(
d
2
− τ
)
	
(
J1 + τ + τ1 − τ32
)
	
(
J3 + τ − τ1 + τ32
)
	
(
J2 + τ + τ2 − τ42
)
	
(
J4 + τ − τ1 + τ42
) . (4.12b)
For t = 2 – i.e. for leading twist double-trace operators – upon expanding the 4F3 Hypergeometric function, the above simple result
matches the analogous result of [33] and thus provides a simple re-summation of it.
4.2. Arbitrary Exchanged Spin l ′: W J 112 W
J 2
21 W
J 3
34 W
J 4
43
Our proposed framework straightforwardly extends the results for exchanged scalar operators (l ′ = 0) in the previous section to generic
exchanged spin l ′. We restrict to studying the crossing kernels of t- and u-channel CPWs with nt = n¯t = nu = n¯u = (0, 0, 0). Note
that no structure n = (n1, n2, n0) with n0 > 0 in the t or u-channel contributes to the tensor structure WJ112WJ221WJ334WJ443 . This list of
structures is thus complete for scalar partial waves. Instead structures with non-vanishing n1 and n2 exist for higher-spin partial waves
and require a separate study which will be considered in detail elsewhere.[59]
Remarkably, also in this case we obtain a simple factorised form for the crossing kernel, which in turn can be expressed in terms
of the crossing kernel for CPWs with external scalars dressed with a spin dependent coeﬃcient. The complete expressions for the
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full Mack polynomials (3.18a) with generic l ′ and arbitrary external spins is rather involved. However, restricting to a single tensor
structure provides some simpliﬁcations: In restricting to the component WJ112W
J2
21W
J3
34W
J4
43 in the t- and u-channel CPWs in the (2.7),
the dependence on the external spins Ji is completely factorised from the dependence on the exchanged spin-l ′. In particular, in this
case performing the conformal integrals (see e.g. appendix §B) we have have:
[
(i )F0,0
τ,l ′ (s , t|Wij )
]
W
J1
12 W
J2
21 W
J3
34 W
J4
43
=
(
− t − τ1 − τ2
2
)
J1+J2
(
− t − τ3 − τ4
2
)
J3+J4
M
(i )
J1,J2,J3,J4|l ′ (s , t), (4.13)
where now
M
(t)
J1,J2,J3,J4|l ′ (s , t) =
2−2l
′
(l ′ + τ − 1)l ′ 	(2l ′ + τ )D(t)J1 J2 J3 J4|l ′
	
(
d
2
− τ − l ′
)
	
(
l ′ + τ + τ1 − τ4
2
)
	
(
l ′ + τ + τ2 − τ3
2
)
	
(
l ′ + τ − τ2 + τ3
2
)
	
(
l ′ + τ − τ1 + τ4
2
)
×
	
(
s + t + d − τ − 2l ′ − τ2 − τ3
2
)
	
(
s + t + τ − τ2 − τ3
2
)
	
(
s + t
2
)
	
(
s + t + τ1 − τ2 − τ3 + τ4
2
) P (t)
τ,l ′ (s , t|τ1, τ2, τ3, τ4), (4.14)
and it proves more convenient for l ′ > 0 to deﬁne the following coeﬃcient
D
(t)
J1 J2 J3 J4
= (−1)
J1+J3(
τ + τ1 − τ4
2
)
J1
(
τ + τ2 − τ3
2
)
J2
(
τ − τ2 + τ3
2
)
J3
(
τ − τ1 + τ4
2
)
J4
, (4.15)
which carries dependence on the external spins Ji and diﬀers from B (4.12) by a 	-function factor which we have included in the
Mellin amplitudeM(i )J1 J2 J3 J4|l ′ . Note that, as anticipated from the factorisation of the external spin dependence for spinning CPWs in
the basis (2.7) in §3, this result is given in terms of the Mack polynomials (3.8) for external scalars (i.e. Ji = 0). Similarly, for the
u-channel we have
M
(u)
J1,J2,l3,J4|l ′ (s , t) =
2−2l
′
(l ′ + τ − 1)l ′ 	(2l ′ + τ )D(u)J1 J2 J3 J4|l ′
	
(
d
2
− τ − l ′
)
	
(
l ′ + τ + τ1 − τ3
2
)
	
(
l ′ + τ + τ2 − τ4
2
)
	
(
l ′ + τ − τ1 + τ3
2
)
	
(
l ′ + τ − τ2 + τ4
2
)
×
	
(
s + d − τ − 2l ′ − τ1 − τ4
2
)
	
(−s + τ − τ1 − τ4
2
)
	
(−s − τ1 + τ2
2
)
	
(−s + τ3 − τ4
2
) P (u)
τ,l ′ (s , t|τ1, τ2, τ3, τ4), (4.16)
with
D
(u)
J1 J2 J3 J4
= (−1)
J1+J2(
τ + τ1 − τ3
2
)
J1
(
τ + τ2 − τ4
2
)
J2
(
τ − τ1 + τ3
2
)
J3
(
τ − τ2 + τ4
2
)
J4
. (4.17)
The t- and u-channel expressions of (4.14) and (4.16), which we employ here, are obtained using the simple replacements given
below Equation (4.1a).
Note that for non-zero external spins Ji the Pochhammer factor in (4.13) has the eﬀect of removing some of the poles appearing
in the Mellin measure ρ{τi }(s , t). This means that the leading double-trace contributions (which would be proportional to u
) cancel
when restricting to the conformal structure WJ112W
J2
21W
J3
34W
J4
43 , so that the ﬁrst non-vanishing contribution to this tensor structure is
given by the subleading double-trace contribution u+2(J1+J2).
Crossing Kernel
The expressions (4.14) and (4.16) for the t- and u-channel spinning CPWs projected on the structure WJ112W
J2
21W
J3
34W
J4
43 make clear
how the crossing kernel for spinning legs is a simple dressing of the crossing kernel for external scalar operators. As for the crossing
kernels of spinning CPWs with l ′ = 0 in §4.1, also in this case one can project the t and u-channel Mellin amplitudes in the s-channel
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by evaluating the Mellin-Barnes integral
I
(i )
J1,J2,J3,J4|l ,l ′ (t) =
(−1)l
l !
∫ i∞
−i∞
ds
4π i
ρ{},t (s )M
(i )
J1,J2,J3,J4|l ′ (s , t) Q
(t,t,0,0)
l (s ). (4.18)
We discuss the evaluation of the above integral in full generality in §E. For simplicity, in the following we give the results for correlators
with operators of equal twist, with the derivation mostly relegated to §E where we also consider generic twists τi . We focus on the
crossing kernel of t-channel CPWs, keeping in mind that for equal external twists we have:
J
(t)
J1,J2,J3,J4|l ,l ′ = (−1)l+l
′
J
(u)
J1,J2,J3,J4|l ,l ′ . (4.19)
Leading twist t = 2. For simplicity we ﬁrst consider t = 2, which for external scalars is the leading twist pole. We then give the
result for generic t , which would be more relevant for spinning legs owing to the cancellation of leading twist contributions in that
case – which was noted at the end of the previous section.
Let us ﬁrst consider the projection of spinning CPWs for exchanged spin l ′ primary operators in the t-channel onto spinning CPWs
for exchanged scalar primary operators (l = 0) of twist τ in the s-channel. In this case we obtain:
J
(t)
J1,J2,J3,J4|l ′,0 (2)
J
(t)
J1,J2,J3,J4|0,0 (2)
= fl ′
2l
′
(
τ + 1
2
)
l ′
(
−d
2
+ τ + 1
)
l ′( τ
2
)
l ′
(d − l ′ − τ − 1)l ′
, (4.20a)
J
(t)
J1,J2,J3,J4|0,0 (2) = D
(t)
J1,J2,J3,J4
	(τ )	
(
d − τ
2
)2
	
(
d
2
)
	
( τ
2
)2
	
(
d
2
− τ
) (4.20b)
where fl ′ is a numerical coeﬃcient depending only on the space time dimension:
fl ′ =
√
π 23−d (d + l ′ − 3)!(
d − 3
2
)
!
(
d + 2l ′ − 4
2
)
!
. (4.21)
Remarkably the above result is independent of τi =  for any l ′.
The result obtained above can be extended to l > 0 by dressing the l = 0 case (4.20) with an appropriate combination of hypergeo-
metric functions which we give below for the equal twists, relegating the result for generic twists to appendix §E where further details
on the computation are also provided. We obtain the following general expression valid for t = 2 and τi = :
J
(t)
J1,J2,J3,J4|l ′,l (2)
J
(t)
J1,J2,J3,J4|0,0 (2)
= Zl ′
l ′∑
p=0
l ′−p∑
i=0
al
′
p,i 4F3
⎛⎜⎜⎝ p − l , l + p + 2 − 1,
d − τ
2
− i, τ
2
+ l ′ − i
d
2
, + p, + p
; 1
⎞⎟⎟⎠ , (4.22)
with
Zl ′ =
2l
′
(
τ + 1
2
)
l ′
(
τ + 1− d
2
)
l ′( τ
2
)
l ′
(d − l ′ − τ − 1)l ′
, (4.23a)
al
′
p,i (t) =
(
l ′
p
)√
π 22−l−2 	 (l + )	(l + p + 2 − 1)
(l − p)!	
(
l +  − 1
2
)
	 (p + )2
αl
′
p,i (t), (4.23b)
αl
′
p,i (t) =
(
l ′ − p
i
) (d + 2p − 2
2
)
i(
d + 2l ′ − 2
2
− i
)
i
, (4.23c)
where αl
′
p,i plays the role of a generalised binomial coeﬃcient.
Fortschr. Phys. 2018, 66, 1800038 C© 2018 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim.1800038 (27 of 77)
www.advancedsciencenews.com www.fp-journal.org
It is interesting to note that for l ′ = 0 the 4F3 hypergeometric functions entering the kernel above can be expressed in terms of a
Wilson polynomial:[105]
P (ai )n
(−z2) = (a1 + a2)n (a1 + a3)n (a1 + a4)n 4F3
(
−n, n+ a1 + a2 + a3 + a4 − 1, a1 + z, a1 − z
a1 + a2, a1 + a3, a1 + a4
; 1
)
(4.24)
with
a1 = d4 , a2 =
d
4
, a3 =  − d4 , a4 =  −
d
4
, z= 1
4
(d − 2τ ). (4.25)
This property also persists in the case of generic twists (given in §E) in which case:
a1 = 14 (d + 2τ1 − 2τ4), a2 =
1
4
(d + 2τ2 − 2τ3), a3 = 14 (−d + 2τ1 + 2τ4), (4.26a)
a4 = 14 (−d + 2τ2 + 2τ3), z=
1
4
(d − 2τ ), (4.26b)
and is consistent with the appearance of Wilson functions as 6− j symbols for representations of the sl(2,R) conformal algebra[22,106]
as relevant for CFTs in d = 1.45 For l ′ > 0 however the above property does not hold in general.
Generic t. For applications to the case of spinning external legs and to subleading poles in t , it is useful to also present the result
for the crossing kernel (4.18) for arbitrary t . The result reads:
J
(t)
J1 J2 J3 J4|l ′,l (t)
J
(t)
J1 J2 J3 J4|0,0(t)
= Zl ′ (t)
l ′∑
p=0
d (l
′,l )
p
l ′−p∑
i, j=0
a(l
′,l )
p,i, j 4F3
⎛⎜⎜⎝ − j, 1− i − j − p −
τ
2
, 1+ i + p − d − τ
2
, − t
2
t − 2 + 2
2
− j, i + p − l ′ + d − τ
2
, l ′ − i − j − p + τ
2
; 1
⎞⎟⎟⎠
× 4F3
⎛⎜⎜⎝p − l , l + p + t − 1,
d − τ
2
− i + t − 2
2
, l ′ − i + t − 2
2
+ τ
2
p + t
2
, p + t
2
,
d
2
− 2 + t
; 1
⎞⎟⎟⎠ ,
(4.27a)
J
(u)
J1 J2 J3 J4|l ′,l (t) = (−1)l
′+l J(u)J1 J2 J3 J4|l ′,l (t) (4.27b)
with
JJ1 J2 J3 J4|0,0(t) = D(t)J1 J2 J3 J4
	(τ )	
(
t − 2 + τ
2
)2
	
(
d + t − 2 − τ
2
)2
	
( τ
2
)4
	
(
d
2
− τ
)
	
(
d
2
+ t − 2
) , (4.28a)
Zl ′ (t) =
(τ )2l ′
(
d
2
− l ′ − τ
)
l ′
(
t − 2 + τ
2
)
l ′
2l ′
( τ
2
)4
l ′
(d − l ′ − τ − 1)l ′
, (4.28b)
d (l
′,l )
p (t) =
(−2)l p!
l !
(
l ′
p
)(
l
p
)
×
(
τ + 2− d
2
)
p
(
τ + 2− d
2
)
l ′−p
(
l ′ − p + τ
2
)
p
(
p + t
2
)2
l−p
(
t − 2 + τ
2
)
p
(
d + t − 2 − τ
2
)
p(
l ′ + τ
2
)
p−l ′
(l + p + t − 1)l−p
(
d − 2l ′ + 2p + t − 2 − τ
2
)
l ′
(
d − 2p + t − 2 − τ
2
)
p
(
2l ′ − 2p + t − 2 + τ
2
)
p
, (4.28c)
45 A diﬀerent manifestation of this property was also observed for external scalar operators with pairwise equal twists in [107], as the anomalous
dimensions of leading twist double-trace operators [12]0,l induced by the perturbation (5.1) with l ′ = 0. As explained in §5, such anomalous
dimensions induced by double-trace ﬂows are given in terms of crossing kernels (6− j symbols).
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a(l
′,l )
p,i, j (t) =
(−1) j (l ′ − p)!
i ! j !(−i − j + l ′ − p)!
(
 − t
2
)
j
(
d
2
− j + t − 2
)
j
×
(
p + t
2
−  + τ
2
)
i
(
d − 2l ′ + 2p + t − 2 − τ
2
)
i(
d − 2(i + j + p)+ t − 2 − τ
2
)
i+ j
(
2l ′ − 2(p + i + j )+ t − 2 + τ
2
)
i+ j
×
(
p + τ − d
2
+ 1
)
i
(
l ′ − p − i − j + τ
2
)
i+ j(
p + τ
2
)
i+ j
(
l ′ − p − i + τ − d
2
+ 1
)
i
(
d
2
+ j + p − 1
)
i(
d
2
+ l ′ − i − 1
)
i
. (4.28d)
Although the overall coeﬃcients appear quite cumbersome, the structure of this result is rather remarkable: The product of hypergeo-
metric function 4F3 is reminiscent of a product of 6j symbols, which in this case represent the action of a generic higher-spin generator
on the scalar CPW. It is also interesting to notice that the sum has a tetrahedral structure with the sum over i and j concentrated for
i + j ≤ l ′ − p, so that at ﬁxed p the sum covers a triangle of decreasing area as p grows.
4.3. (Partially-)Conserved Currents
Notice that the result (4.22) exhibits poles at values of the twist τ for which there is shortening of the conformal representation owing to
the emergence of (partially-)conserved currents. In the bulk these is dual to partially-massless gauge ﬁelds either on dS or AdS.[108,109]46
For spin l ′, such values of τ are given by
τ = d − 2− k k = 0, . . . , l ′ − 1, (4.29)
at which a tower of descendant operators of the original long multiplet decouples the m-th order descendant decouples for m ≥ k.
Expanding around the pole, we then obtain:
J
(t)
J1,J2,J3,J4|l ′,0
∣∣∣
τ=d−2−k
= D(t)J1,J2,J3,J4 fl ′
(−1)l ′+12d+2l ′−2k−2	
(
k
2
+ 1
)
	
(
d
2
+ l ′ − k − 1
)
	
(
d + 2l ′ − k − 1
2
)
π 	
(
d
2
)
	
(
k + 1
2
)
	(l ′ − k)	
(
d + 2l ′ − k − 2
2
)
×
⎡⎢⎢⎣ sin
(
πd
2
)
τ + 2− d + k +
1
2
sin
(
πd
2
)(
−Hd
2 +J− k2−2 + 2Hd2 +J−k−2 + Hd+2J−k−32 − 2HJ−k−1 − Hk2 + Hk−12 + log(16)
)
+ π cos
(
πd
2
)⎤⎥⎥⎦ ,
(4.30)
in terms of harmonic numbers Hn =
∑n
i=1
1
i . The above conﬁrms the appearance of poles only for 0 ≤ k < l ′.
It is instructive to consider the above case from the perspective of a conformal partial wave expansion (2.25) of a CFT correlator in
which the CPWs are integrated over the principal series47 τ = d2 − iν − l ′ in, say, the t-channel with a weight function a(ν, l ′). In this
case the full crossing kernel onto the s-channel〈
uτ¯ g τ¯ ,l (u, v)|A(u, v)
〉
(4.31)
receives contribution from all principal series, which is given by
〈
uτ¯ g τ¯ ,l (u, v)|A(u, v)
〉 = 1
2π i
∫ +∞
−∞
dν
∑
l ′
a(ν, l ′) J(t)J1,J2,J3,J4|l ′,l
∣∣∣
τ= d2 −iν−l ′
. (4.32)
46 See also [72,110] for detailed analysis of bulk couplings involving partially-massless ﬁelds.
47 Note that although we have kept τ arbitrary for ease of presentation, the whole discussion of this paper is implicitly assumed to be at the level of a
CPW expansion of the CFT correlators for the principal series.
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Above we have included the factor a(ν, l ′) encoding the OPE coeﬃcients. The virtue of the above expression is that there is no singu-
larity of the CPW on the principal series. On the other hand, we can still evaluate what would be the contribution of a single CPW in
the t-channel by picking the residue of the integrand at a certain physical pole:
J
(t)
J1,J2,J3,J4|l ′,0 = −i
(
d − 2τ − 2l ′) Resν=i(τ+l ′− d2 )
⎡⎢⎢⎢⎢⎣ 1[
ν2 +
(
 − d
2
)2] J(t)J1,J2,J3,J4|l ′,0 ∣∣∣τ= d2 −iν−l ′
⎤⎥⎥⎥⎥⎦ . (4.33)
The above formula reproduces exactly J(t)J1,J2,J3,J4|l ′,0 for any τ = d − 2− k with 0 ≤ k < l ′. However, when τ = d − 2− k one of the
ν poles of the conformal block coincide with the physical pole we want to take the residue on. The eﬀect is that the integrand now
develops a double pole at ν = i ( − d2 ).
From the spectral representation perspective one can still evaluate the latter residue obtaining a ﬁnite result.48 This perspective
makes clear why the limit τ → d − 2− k with 0 ≤ k ≤ J − 1 integer cannot be approached after taking the residue. A shortcut to
obtain the result for the τ = d − 2− k case, which is analogous to the shortcut considered in [112] to evaluate the same diﬀerence for
the free energy δF , is then to evaluate the above residue after setting τ = d − 2− k. In this case we obtain the ﬁnite result:
J
(t)
J1,J2,J3,J4|l ′,0
∣∣∣
τ=d−2−k
= D(t)J1,J2,J3,J4 fl ′
(−1)J−k2d+J−2k−2	
(
k
2
+ 1
)
	
(
d
2
+ J − k − 1
)
	
(
d + 2J − k − 1
2
)
	(J − k)	
(
d
2
)
	
(
k + 1
2
)
	
(
d + 2J − k − 2
2
)
×
[
cos
(
πd
2
)
+ 1
2π
sin
(
πd
2
)(
−Hd
2 +J− k2−2 + 2Hd2 +J−k−2 + H12 (d+2J−k−3) − 2HJ−k−1 − Hk2 + Hk−12 + log(16)−
2
d + 2J − 2k − 4
)]
.
(4.34)
The above simpliﬁes in even or odd dimensions, for which we obtain the following results:
J
(t)
J1,J2,J3,J4|l ′,0
∣∣∣
τ=d−2−k
= D(t)J1,J2,J3,J4 fl ′
(−1)J+12d+J−2k−2	
(
k
2
+ 1
)
	
(
d
2
+ J − k − 1
)
	
(
d + 2J − k − 1
2
)
	(J − k)	
(
d
2
)
	
(
k + 1
2
)
	
(
d + 2J − k − 2
2
)
×
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
(−1)h if d = 2h, h ∈ N
(−1)h
2π
(
2
3− 2h − 2J + 2k + Hh+J− k2−1 − Hh+J− k2− 32 if d = 2h + 1, h ∈ N.
2Hh+J−k− 32 − Hk2 + Hk−12 − 2HJ−k−1 + log(16)
) (4.35)
In general the role of singularities of conformal blocks and the corresponding cancellation thereof when summing over the spin l ′ is
expected to play a key role in the context of slightly broken higher-spin symmetry (see e.g. [94] for some related discussions).
4.4. Full Example: J 1- J 2-0-0
In the previous sections we studied the crossing kernels of spinning t- and u-channel CPWs, restricting to the leading tensor structure
WJ112W
J2
21W
J3
34W
J4
43 . Using the results of §3.3 this allowed to access aweighted average of their s-channel expansion coeﬃcients. By instead
considering the full tensor structure of the CPWs, each s-channel coeﬃcient can be extracted. This is illustrated in the following, where
we revisit §4.1 for CPWs with an exchanged scalar and consider the full tensor structure of J1-J2-0-0 CPWs to extract their s-channel
expansion coeﬃcients onto operators of leading twist.
48 This correspond to the fact that the unphysical polarisation have decoupled and do not contribute to the 4pt correlator[15,58,79,111] as it would be
expected from a bulk computation where the unphysical components of the massive spin-1 ﬁeld decouples automatically for current exchanges
involving conserved currents. The individual blocks are still singular but the principal series expansion is still well deﬁned.
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In this case, the full tensor structure of t- and u-channel CPWs (4.3) in Mellin space read:
(t)F0,0τ,0
(
s , t = τ1 + τ2|Wij
) = Ct 	
(
s + τ + τ1 − τ3
2
)
	
(
d + s − τ + τ1 − τ3
2
)
	
(
s + 2τ1 − τ3 + τ4
2
)
	
(
s + τ1 + τ2
2
)
×
(−1)J1+J2
(
d − τ − τ3 + τ4
2
)
J2
(−s + τ3 − τ4
2
)
J1
(−s − τ1 + τ2
2
)
J2(
τ − τ3 + τ4
2
)
J2
(
τ + τ1 − τ4
2
)
J1
(
d − τ + τ2 − τ3
2
)
J2
(W13 − W14)J1 (W23 − W24)J2
(4.36)
with
Ct =
	(τ )	
(
d − τ + τ3 − τ4
2
)
	
(
d − τ − τ3 + τ4
2
)
	
(
d
2
− τ
)
	
(
τ + τ3 − τ4
2
)
	
(
τ − τ3 + τ4
2
)
	
(
τ − τ1 + τ4
2
)
	
(
τ + τ1 − τ4
2
)
	
(
d − τ − τ2 + τ3
2
)
	
(
d − τ + τ2 − τ3
2
)
(4.37)
and
(u)F0,0τ,0
(
s , t = τ1 + τ2|Wij
) = Cu 	
(−s + τ − τ1 − τ4
2
)
	
(
d − s − τ − τ1 − τ4
2
)
	
(−s + τ3 − τ4
2
)
	
(−s − τ1 + τ2
2
)
×
(−1)J2
(
d − τ + τ3 − τ4
2
)
J2
(
s + 2τ1 − τ3 + τ4
2
)
J1
(
s + τ1 + τ2
2
)
J2(
τ + τ3 − τ4
2
)
J2
(
τ + τ1 − τ3
2
)
J1
(
d − τ + τ2 − τ4
2
)
J2
(W13 − W14)J1 (W23 − W24)J2
(4.38)
with
Cu =
	(τ )	
(
d − τ + τ3 − τ4
2
)
	
(
d − τ − τ3 + τ4
2
)
	
(
d
2
− τ
)
	
(
τ + τ3 − τ4
2
)
	
(
τ − τ3 + τ4
2
)
	
(
τ − τ1 + τ4
2
)
	
(
τ + τ1 − τ4
2
)
	
(
d − τ − τ2 + τ3
2
)
	
(
d − τ + τ2 − τ3
2
)
(4.39)
and we assumed without loss of generality that J1 ≥ J2. We remind the reader that in this case we are restricting to the leading twist
contributions, which have t = τ1 + τ2.
The crossing kernels of the above CPWs in the s-channel are the coeﬃcients in the expansions
(t)F0,0 (s , τ1 + τ2|Wij ) = ∑
l ,n
(t)JnJ1,J2,0,0|0,l Qnl ,τ1+τ2,0(s |Wij ) (4.40a)
(u)F0,0 (s , τ1 + τ2|Wij ) = ∑
l ,n
(u)JnJ1,J2,0,0|0,l Qnl ,τ1+τ2,0(s |Wij ), (4.40b)
in terms of the kinematic polynomials (3.31). By inspecting the tensor structure of the CPWs (4.36) and (4.38) and comparing with
the tensor structure of the kinematic polynomials (3.31), we see that the only contribution to the expansions (4.40) comes from
those polynomials with n = (J2, J1, 0). Upon this observation, following §3.2 we can restrict to the leading term of the polynomial
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Q(J2,J1,0)l ,τ1+τ2,0(s |Wij ), which is given by (3.36) with n0 = 0, n1 = J2 and n2 = J1, and use its orthogonality to extract the full crossing kernels.
To wit,
(t)JnJ1,J2,0,0|0,l =
(−1)l−J1−J2
(l − J1 − J2)! C
t
∫ i∞
−i∞
ds
4π i
ρ˜{τi }(s , τ1 + τ2)
	
(
s + τ + τ1 − τ3
2
)
	
(
d + s − τ + τ1 − τ3
2
)
	
(
s + 2τ1 − τ3 + τ4
2
)
	
(
s + τ1 + τ2
2
)
×
(−1)J1+J2
(
d − τ − τ3 + τ4
2
)
J2
(−s + τ3 − τ4
2
)
J1
(−s − τ1 + τ2
2
)
J2(
τ − τ3 + τ4
2
)
J2
(
τ + τ1 − τ4
2
)
J1
(
d − τ + τ2 − τ3
2
)
J2
Qτ1+τ2+2J2,2τ1+2J1,−τ1+τ2+2J2,2J1l−J1−J2 (s ) (4.41)
and
(u)JnJ1,J2,0,0|0,l =
(−1)l−J1−J2
(l − J1 − J2)! C
u
∫ i∞
−i∞
ds
4π i
ρ˜{τi }(s , τ1 + τ2)
	
(−s + τ − τ1 − τ4
2
)
	
(
d − s − τ − τ1 − τ4
2
)
	
(−s + τ3 − τ4
2
)
	
(−s − τ1 + τ2
2
)
×
(−1)J2
(
d − τ + τ3 − τ4
2
)
J2
(
s + 2τ1 − τ3 + τ4
2
)
J1
(
s + τ1 + τ2
2
)
J2(
τ + τ3 − τ4
2
)
J2
(
τ + τ1 − τ3
2
)
J1
(
d − τ + τ2 − τ4
2
)
J2
Qτ1+τ2+2J2,2τ1+2J1,−τ1+τ2+2J2,2J1l−J1−J2 (s ) (4.42)
The above integrals can be performed in a similar manner as those which have appeared previously, with the following results:
(t)JnJ1,J2,0,0|0,l = Ct
(−2)−J1−J2+l	(J1 − J2 + l + τ1)	(J1 + J2 + l + τ1 + τ2 − 1)
(l − J1 − J2)!	(2J1 + τ1)	(2l + τ1 + τ2 − 1)
×
	
(
2J1 + τ + τ1 − τ4
2
)
	
(
2J2 + τ + τ2 − τ3
2
)
	
(
d + 2J1 − τ + τ1 − τ4
2
)
	
(
d + 2J2 − τ + τ2 − τ3
2
)
	
(
2l + τ1 + τ2 + τ3 − τ4
2
)
	
(
2J1 + 2J2 + τ1 + τ2 + τ3 − τ4
2
)
	
(
d + 2J1 + 2J2 + τ1 + τ2 − τ3 − τ4
2
)
× 4F3
⎛⎜⎜⎝ J1 + J2 − l , J1 + J2 + l + τ1 + τ2 − 1,
d
2
+ J1 − τ − τ1 + τ42 , J1 +
τ + τ1 − τ4
2
2J1 + τ1, d + τ1 + τ2 − τ3 − τ42 + J1 + J2, J1 + J2 +
τ1 + τ2 + τ3 − τ4
2
; 1
⎞⎟⎟⎠ , (4.43)
and
(u)JnJ1,J2,0,0|0,l = Cu
(−2)−J1−J2+l (−1)−J1−J2+l	(−J1 + J2 + l + τ2)	(J1 + J2 + l + τ1 + τ2 − 1)
(l − J1 − J2)!	(2J2 + τ2)	(2l + τ1 + τ2 − 1)
×
	
(
2J1 + τ + τ1 − τ3
2
)
	
(
2J2 + τ + τ2 − τ4
2
)
	
(
d + 2J1 − τ + τ1 − τ3
2
)
	
(
d + 2J2 − τ + τ2 − τ4
2
)
	
(
2l + τ1 + τ2 + τ3 − τ4
2
)
	
(
2J1 + 2J2 + τ1 + τ2 + τ3 − τ4
2
)
	
(
d + 2J1 + 2J2 + τ1 + τ2 − τ3 − τ4
2
)
×4 F3
⎛⎜⎜⎝ J1 + J2 − l , J1 + J2 + l + τ1 + τ2 − 1,
d − τ + τ2 − τ4
2
+ J2, J2 + τ + τ2 − τ42
2J2 + τ2, d + τ1 + τ2 − τ3 − τ42 + J1 + J2, J1 + J2 +
τ1 + τ2 + τ3 − τ4
2
; 1
⎞⎟⎟⎠ . (4.44)
As a consistency check, the above reduce to the result (4.8) for external scalars and are proportional to a Wilson polynomial (4.24) with
a1 = 14 (d + 4J1 + 2τ1 − 2τ4), a2 =
1
4
(−d + 4J1 + 2τ1 + 2τ4), (4.45a)
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a3 = 14 (d + 4J2 + 2τ2 − 2τ3), a4 =
1
4
(−d + 4J2 + 2τ2 + 2τ3), (4.45b)
z= 1
4
(d − 2τ ), (4.45c)
for the t-channel and
a1 = 14 (d + 4J2 + 2τ2 − 2τ4), a2 =
1
4
(−d + 4J2 + 2τ2 + 2τ4), (4.46a)
a3 = 14 (d + 4J1 + 2τ1 − 2τ3), a4 =
1
4
(−d + 4J1 + 2τ1 + 2τ3), (4.46b)
z= 1
4
(d − 2τ ), (4.46c)
for the u-channel. For l ′ > 0 this rewriting in terms of Wilson polynomials does not appear to be possible.
4.5. Large Spin Limit
The explicit results for the crossing kernels obtained in (4.22), (4.43) and (4.44) allow to study the large l limit in full generality and
for arbitrary J . The basic ingredient is the large l behaviour of the 4F3. This can be systematically obtained as an expansion in 1l with
a trick: Focusing on the scalar kernels (4.22), one can ﬁrst consider the series expansion of the hypergeometric function:
4F3
⎛⎜⎜⎝ p − l , l + p + 2 − 1,
d − τ
2
− i, τ
2
+ J − i
d
2
, + p, + p
; z
⎞⎟⎟⎠ =
(
d
2
− 1
)
!( + p − 1)!2
(−l + p − 1)!
(
d
2
− i − τ
2
− 1
)
!
(
−i + J + τ
2
− 1
)
!(2 + l + p − 2)!
×
∞∑
k=0
(k − l + p − 1)!
(
d
2
− i + k − τ
2
− 1
)
!
(
−i + J + k + τ
2
− 1
)
!(2 + k + l + p − 2)!
k!
(
d
2
+ k − 1
)
!( + k + p − 1)!2
zk . (4.47)
Being cavalier about the analytic continuation of the sum in z (which can be performed more rigorously in Mellin-Barnes form)49 one
can perform the large l expansion term by term for each power of z. We then arrive to
4F3
⎛⎜⎜⎝ p − l , l + p + 2 − 1,
d − τ
2
− i, τ
2
+ J − i
d
2
, + p, + p
; z
⎞⎟⎟⎠
=
∞∑
k=0
⎡⎢⎢⎣ (−1)
k	
(
d
2
)
	(p + )2	
(
d
2
− i + k − τ
2
)
	
(
−i + J + k + τ
2
)
	(k + 1)	
(
d
2
+ k
)
	
(
d
2
− i − τ
2
)
	
(
−i + J + τ
2
)
	(k + p + )2
+O (1/ l )
⎤⎥⎥⎦ (l 2z)k . (4.50)
49 Such expansions can be systematically performed (see e.g. [113]) via a Mellin-Barnes representation of the Hypergeometric function:
4F3
(
a1, a2, a3, a4
b1, b2, b3
; z
)
= 	 (b1)	 (b2)	 (b3)
	 (a1)	 (a2)	 (a3)	 (a4)
∮
ds
2π i
	(s )	 (a1 − s )	 (a2 − s )	 (a3 − s )	 (a4 − s )
	 (b1 − s )	 (b2 − s )	 (b3 − s ) (−z)
−s (4.48)
employing series expansion of the type:
	(p − l − s )	(l + p + 2 − 1) ≈ π csc(π (l − p + s ))
∑
n
bn(s )
(
1
l
)−2(+p−1)+n
l−2s , (4.49)
in terms of polynomials in the variable s which we denote by bn(s ). Similar expansions can be performed for the overall pre-factor and combined.
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Dropping the O(1/ l ) terms the series can be resummed into:
4F3
⎛⎜⎜⎝ p − l , l + p + 2 − 1,
d − τ
2
− i, τ
2
+ J − i
d
2
, + p, + p
; z
⎞⎟⎟⎠∣∣∣l→∞ ∼ 2F3
⎛⎜⎜⎝
d
2
− i − τ
2
,−i + J + τ
2
d
2
, + p, + p
;−l 2z
⎞⎟⎟⎠ . (4.51)
Finally, we arrive to the following expansion:
4F3
⎛⎜⎜⎝p − l , l + p + 2 − 1,
d − τ
2
− i, τ
2
+ J − i
d
2
, + p, + p
; 1
⎞⎟⎟⎠ ∼ (1l
)2(J−i )+τ 	 (d2
)
	(p + )2	
(
d − 2(J + τ )
2
)
	
(
d − 2i − τ
2
)
	
(
d
2
+ i − J − τ
2
)
	
(
i − J + p +  − τ
2
)2
+
(
1
l
)d−τ−2i 	 (d2
)
	(p + )2	
(
−d
2
+ J + τ
)
	
(
i + τ
2
)
	
(
−i + J + τ
2
)
	
(
−d
2
+ i + p +  + τ
2
)2 + · · ·
(4.52)
from which it is also clear how the i = 0 term gives the leading contribution. Furthermore, it is also straightforward to separate the
contribution of the shadow operator from that of the physical one. The above also matches the standard asymptotic behaviour of
Wilson polynomials[105] and allows a systematic large spin expansion.50 Taking the above leading terms for i = 0 and summing over
p one gets the asymptotic behaviour of the full kernel, which matches the expectations from large spin bootstrap.[11,12] With similar
techniques we can also get the asymptotic behaviour of crossing kernels with external spinning legs like (4.43) and (4.44) using:
4F3
⎛⎜⎜⎜⎜⎜⎜⎝
p − l +m, l + p + 2 −m− 1, d − τ +m
2
− i,
τ +m
2
+ J − i
d
2
+m, + p, + p
; 1
⎞⎟⎟⎟⎟⎟⎟⎠
∼
(
1
l
)2(J−i )+τ+m 	 (d2 +m
)
	(p + )2	
(
d − 2(J + τ )
2
)
	
(
d − 2i − τ +m
2
)
	
(
d − τ +m
2
+ i − J
)
	
(
i − J + p +  − τ +m
2
)2
+
(
1
l
)d−τ−2i+m 	 (d2 +m
)
	(p + )2	
(
−d
2
+ J + τ
)
	
(
i + τ +m
2
)
	
(
−i + J + τ
2
)
	
(
i + p +  + τ − d −m
2
)2 + · · · (4.53)
which again allows easily to distinguish the shadow contribution from the physical one. For instance, normalising by the mean-ﬁeld
theory OPE coeﬃcients the external scalar result for l ′ = 0 gives:
J
(t)
0,0,0,0|0,l
∣∣∣
l→∞
∼
(
1
l
)τ
	()2	(τ )
	
( τ
2
)2
	
(
 − τ
2
)2 − (1l
)d−τ
	()2	(d − τ )
	
(
d − τ
2
)2
	
(
 − d − τ
2
)2 ash.0,0,0 + · · · , (4.54)
where the factor
ash.0,0,0 =
(
α0,0,0;,,τ
κτ,0/π d/2
)2 (
−κτ,0κd−τ,0
π d
)
, (4.55)
50 See also [38] where the large spin expansion was performed at the level of continuous Hahn polynomials. We ﬁnd it more convenient to consider
the large spin expansion at the level of the crossing kernel directly, which should lead to the same conclusions.
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nicely reproduces the shadow OPE coeﬃcients taking into account the deﬁnition of α in (2.29), (A.11) and (A.13) and the 2pt function
normalisation of the shadow ﬁeld which is:
C sh.l ′=0 = −
κτ,0κd−τ,0
π d
, (4.56)
directly in terms of the shadow transform normalisation. Similar results follow straightforwardly for general l ′. Using (4.22) and (4.52)
we obtain the general asymptotic behaviour:
J
(t)
0,0,0,0|l ′,l
∣∣∣
l→∞
∼
(
1
l
)τ
	()2	(τ + 2l ′)
2l ′	
( τ
2
+ l ′
)2
	
(
 − τ
2
)2 − (1l
)d−τ−2l ′
	()2	(d − τ )
2l ′	
(
d − τ
2
)2
	
(
 − d − τ − 2l
′
2
)2 ash.0,0,l ′ + · · · , (4.57)
where now the shadow OPE coeﬃcient squared read:
ash.0,0,l ′ =
(
α0,0,l ′ ;,,τ
κτ+l ′,0/π d/2
)2 (
−κτ+l ′,l ′κd−τ−l ′,l ′
π d
)
, (4.58)
again expressed in terms of αs,τ in (A.11) with shadow 2pt shadow normalisation given by:
C sh.l ′ = −
κτ+l ′,l ′κd−τ−l ′,l ′
π d
. (4.59)
The above is again in agreementwith the large spin bootstrap result[11,12] showing both contribution fromphysical and shadow operator
contributing to the t-channel CPW.
We can also check the large spin behaviour of the general result (4.43) and (4.44). Normalising the crossing kernel by the s-channel
OPE coeﬃcients (3.76) and taking the large l limit we get for τi = :
(t)JnJ1,J2,0,0|0,l
∣∣∣
l→∞
=
(
1
l
)τ− 2J1+J2−1	(τ )	 (J1 + 2
)
	
(
J2 + 2
)
	
( τ
2
)2
	
(
J1 +  − τ2
)
	
(
J2 +  − τ2
)
−
(
1
l
)d−τ− 2J1+J2−1	(d − τ )	 (J1 + 2
)
	
(
J2 + 2
)
	
(
d − τ
2
)2
	
(
J1 +  + τ − d2
)
	
(
J2 +  + τ − d2
) ash.J1,0,0ash.J2,0,0, (4.60)
where we recall that n = (J2, J1, 0) and now the shadow OPE coeﬃcients read:
ash.J1,0,0a
sh.
J2,0,0
= αJ1,0,0;,,τ αJ2,0,0;,,τ
κ2τ,0/π
d
(
−κτ,0κd−τ,0
π d
)
. (4.61)
Above the overall factor l originates from our normalisation of the crossing kernel with the s-channel OPE coeﬃcients (3.76).51
5. Application: Double-Trace Flows
An interesting direct application of the framework developed in §3 and §4 is to extract corrections to CFT data under double-trace
ﬂows, which are neatly encoded in the crossing kernels of CPWs. For a large N CFT whose spectrum includes a single trace operator
Oμ1 ...μl ′ of scaling dimension  and spin l ′, the double-trace deformation
Sλ = SCFT + λ
∫
dd yOμ1 ...μl ′Oμ1...μl ′ (5.1)
triggers a ﬂow to a new CFT in which the single-trace operator Oμ1...μl ′ has scaling dimension d −  +O(1/N).[112,114,115] At leading
order in 1/N, the spectrum of the new CFT is identical to that of the unperturbed CFT save for Oμ1 ...μl ′ and double(multi)-trace oper-
ators comprised of it. Beyond leading order, all operators in the spectrum receive corrections to their OPE coeﬃcients and anomalous
dimensions.
51 Note that for these correlators we dont have a mean-ﬁeld theory OPE when Ji > 0, since the ﬁrst non-vanishing OPE arise at order 1/N (3.72).
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Under the double-trace ﬂow (5.1), the change in the four-point function of generic single-trace operators Oi is elegantly encoded
in terms of CPWs involving the exchanged operator Oμ1 ...μl ′ . In particular, in large N conformal perturbation theory we have:52
δ〈O1 (y1)O2 (y2)O1 (y3)O2 (y4)〉 = −κd−,l
π d/2
∫
dd y0 〈O1 (y1)O2 (y2)O,l (y0)〉〈O˜d−,l (y0)O1 (y3)O2 (y4)〉
+ t-channel+ u-channel+O (1/N2) , (5.3)
where the diﬀerence
δ〈O1 (y1)O2 (y2)O1 (y3)O2 (y4)〉 = 〈O1 (y1)O2 (y2)O1 (y3)O2 (y4)〉d−,l − 〈O1 (y1)O2 (y2)O1 (y3)O2 (y4)〉,l , (5.4)
is deﬁned to be minus the diﬀerence between the two correlators exchanging the operator O,l and its shadow O˜d−,l . This means
that, depending on whether  > d2 or  <
d
2 , this is diﬀerence between UV and IR or IR and UV ﬁxed points respectively. From the
integral representation (2.26) of CPWs, the conformal integral in (5.3) is a ﬁnite sum of s-channel CPWs involving the exchange of
Oμ1 ...μl ′ :
− κd−,l
π d/2
∫
dd y0 〈O1 (y1)O2 (y2)O,l (y0)〉〈O˜d−,l (y0)O1 (y3)O2 (y4)〉 = −
∑
ns ,n¯s
ans ,n¯s
τ,l ′
(s)F ns ,n¯s
,l ′ (yi ) . (5.5)
Similarly, the corresponding t- and u-channel expressions on the bottom line of (5.3) are, respectively, a ﬁnite sum of t- and u-channel
CPWs in which the single-trace operator Oμ1...μl ′ is exchanged. While the s-channel term (5.5) above just encodes the change in
dimension for the single-trace operator Oμ1 ...μl ′ inducing the ﬂow, the contribution from t and u-channels - when expanded in the s-
channel - give 1/N corrections to the scaling dimensions and OPE coeﬃcients of double-trace operators [O1O2]l ,n, which are encoded
in terms proportional to uτ1+τ2+n log u and uτ1+τ2+n respectively. These corrections to double-trace data can thus be extracted using the
framework introduced in §4 for obtaining the crossing kernels of spinning t and u-channel CPWs in the s-channel.
Before we proceed, it is useful to review how 1/N corrections to double-trace operator data is encoded in the s-channel expansion
of 4pt correlators. A generic 4pt correlator of spinning operators Oi
〈O1 (y1, z1)O2 (y2, z2)O1 (y3, z3)O2 (y4, z4)〉 =
(
y224
y214
) τ1−τ2
2
(
y214
y213
) τ3−τ4
2 A (u, v|Wij )(
y212
) 1
2 (τ1+τ2) (y234) 12 (τ3+τ4) , (5.6)
admits an s-channel expansion in terms of conformal blocks
A(u, v|Wij ) =
∑
δ,l
(∑
n,n¯
an,n¯δ,l u
δ
2 g n,n¯δ,l (u, v|Wij )
)
, (5.7)
where an,n¯δ,l is the product of OPE coeﬃcients and u
δ/2g n,n¯δ,l (u, v|Wij ) is the corresponding spinning conformal block of scaling di-
mension δ and spin l . Notice that here the sum over spins runs in principle also over mixed-symmetry representations which can
contribute to the conformal block expansion with spinning external legs. We now consider a 1/N expansion of the twists and OPE
coeﬃcients of the double-trace primaries [O1O2]q ,l :53
δq = τ1 + τ2︸ ︷︷ ︸
2
+2q + 1
N
γq ,l + · · · , (5.8a)
an,n¯q ,l = (0)an,n¯q ,l +
1
N
(1)an,n¯q ,l + · · · (5.8b)
52 Equation (5.3) can be obtained by introducing appropriate spinning σ -ﬁelds and using the Hubbard-Stratonovich transformation to re-write the
conformal integrals in terms of the shadow transform, where the 2-pt function normalisation of the shadow σ -ﬁeld is conveniently expressed
in terms of κ,d as Cσ = −
κ+,l ′ κ− ,l ′
πd
. The latter normalisation precisely matches also the normalisation that would be obtained from a bulk
computation as discussed in appendix §A.1. In this case we indeed have the identity:
(+ − −)2C+,l ′C−,l ′ = −
κ+,l ′κ−,l ′
πd
, (5.2)
in terms of the bulk-to-boundary normalisation C,l ′ .
53 We remind the reader here that there will be in general degeneracies in q at leading order in 1/N, corresponding to the mean-ﬁeld theory result.
This happens in particular when there exists more than one possible Young projection for the indices of the double-trace operator, which allows
both totally symmetric and mixed symmetry operators with the same dimension. In the following we do not write down explicitly the additional
index parameterising such degeneracies for ease of notation.
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with τi the twists of the external legs and where  = τ1+τ22 should not to be confused here with a dimension. For the double-trace
contributions to the s-channel conformal block expansion, this translates into
A[O1O1](u, v|Wij ) = u
∑
q ,l ′
[∑
n,n¯
(0)an,n¯q ,l ′ u
q g n,n¯2+2q ,l (u, v|Wij )
]
+ 1
N
u
∑
q ,l
[∑
n,n¯
(γq ,l
2
(0)an,n¯q ,l ∂q + (1)an,n¯q ,l
)
uq g n,n¯2+2q ,l (u, v|Wij )
]
+ · · · .
(5.9)
where the . . . denote terms of O(1/N2) and higher. Under a double-trace ﬂow, the 1/N expansion of the change in the s-channel
double-trace contributions to the 4pt function (5.3) is given by
δA[O1O1](u, v|Wij ) = 1Nu

∑
q ,l
[∑
n,n¯
(
δγq ,l
2
(0)an,n¯q ,l ∂q + (1)δan,n¯q ,l
)
uq g n,n¯2+2q ,l (u, v|Wij )
]
+ · · · , (5.10)
where the mean ﬁeld theory contributions (the ﬁrst line of (5.9)) cancel. To extract the anomalous dimensions δγq ,l induced by the
double-trace ﬂow (5.1), we thus need to:
1. Determine the mean-ﬁeld theory coeﬃcients (0)an,n¯q ,l , which can be extracted along the same lines as in §3.5 from the mean-ﬁeld
theory part of the correlator using the orthogonality relations derived in §3. The mean-ﬁeld theory part of the correlator itself is
given simply by Wick contractions.
2. Given (0)an,n¯q ,l , we can then determine the anomalous dimensions δγl ,q from the t- and u-channel crossing kernels, which schemat-
ically reads:
δγq ,l
2
(0)an,n¯q ,l = −
〈
u+q g n,n¯2+2q ,l |atF (t) + auF (u)
〉 ∣∣∣
log u
, (5.11)
where at and au schematically denote the expansion coeﬃcients and F (t) and F (u) the CPWs. The anomalous dimensions can be
read oﬀ from the log term uτ1+τ2+q log u noting that in (5.9)
u∂q (uq ) = u+q log u. (5.12)
5.1. Scalar Correlators
The simplest case, which has also been the subject of intense study in the bootstrap context, is the case of 4pt correlators of scalar
operators. In the following we study the anomalous dimensions induced at O(1/N) by the general double-trace perturbation (5.1) on
double-trace operators [12]n,l comprised of scalar single-trace operators i . Later on in §5.2 we consider the eﬀect of double-trace
ﬂows on 4pt correlators involving spinning operators, extracting the corresponding anomalous dimensions of double-trace operators
comprised of spinning single-trace operators.
After using the orthogonality relations of §3 to extract the mean ﬁeld theory OPE coeﬃcients in §5.1.1, in §5.1 we ﬁrst consider the
simplest case of the ﬂow induced by (5.1) with the double-trace operator comprised of scalar single-trace operators l ′ = 0. This case was
recently considered in [107] using position space techniques, in which the anomalous dimensions of leading double-trace operators
[12]0,l (i.e. with n = 0) were obtained.54 We recover the latter results using the present Mellin space methods, and furthermore
extend them to include the anomalous dimensions of all subleading double trace operators [12]n,l with n and l arbitrary. In §5.1.3
we further extend these results to the anomalous dimensions induced by the double-trace perturbation (5.1) built from single-trace
operators of arbitrary spin l ′.
5.1.1. Mean Field Theory
Here we extract the mean ﬁeld theory OPE coeﬃcients. We ﬁrst consider 4pt functions of identical scalars 1 = 2 = . The mean-
ﬁeld theory correlator is obtained simply by Wick contractions:[43]
〈
(y1)(y2)(y3)(y4)
〉 ≡ A(0)0000 (u, v)
(y212)(y
2
34)
, (5.13)
54 We thank Simone Giombi for discussions and for sharing a draft of [107] prior to its publication, which allowed us to compare our independent
derivations of this result.
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with
A(0)0000 =
[
1+ u +
(u
v
)]
, (5.14)
where we normalise the scalar 2pt function as
〈
(y1)(y2)
〉 = 1
(y212)
. (5.15)
Its conformal block expansion contains contributions from the identity operator and all double-trace operators []q ,l , which in the
s-channel reads
A(0)0000 (u, v) = 1+
∞∑
l ,q=0
(0)a[]q ,l u
+q g2+2q ,l (u, v) . (5.16)
We can straightforwardly extract the OPE coeﬃcients of the leading twist (q = 0) double-trace operators using the inversion formula
(3.17):
(0)a[]0,l =
(−1)l
l !
∫ i∞
−i∞
ds
2π i
[
δ(s + 2)+ δ(0)] Q2,2,0,0l (s ) = 1+ (−1)l2 2l+1()2ll ! (l + 2 − 1)l , (5.17)
where we remind the reader that in the second equality we used that the Mellin representation of free theory correlators is given as a
linear sum of Dirac delta functions (see footnote 35).
To extract contributions from double-trace operators of subleading twist in (5.13), the leading twist contributions (5.17) must ﬁrst be
subtracted. As explained in §3.4, to avoid cumbersome inﬁnite summations one acts on (5.13) with the operators (3.53). These project
away contributions from from conformal multiplets of a given twist. In this way, the subleading twist operator becomes leading and
we can apply the same approach as we did to extract leading twist operator data to extract operator data for the (former) subleading
operator.
In particular, to extract the OPE coeﬃcients of double-trace operators of twist τn = 2 + 2n with n > 0, we must ﬁrst act with the
operators T2+2i deﬁned in Equation (3.53) for i = 0, . . . , n− 1, which projects away contributions from all lower twist τi double-trace
conformal multiplets. To wit,
n−1∏
i=0
T̂2+2i
[
u
(
1+ v−)] = 8n()2n (−d2 +  + 1
)2
n
[
u+n
(
1+ v−−n)] . (5.18)
which up to an overall coeﬃcient αn(2) in (3.67) encodes the contribution of double-trace operators of twist τ ≥ 2 + 2n. Using the
orthogonality relations we straightforwardly obtain the OPE coeﬃcients as for the leading twist contributions above:
(0)a[]n,l =
(−1)l
l !
8n()2n
(
−d
2
+  + 1
)2
n
αn(2)
∫ i∞
−i∞
ds
2π i
[
δ(s + 2 + 2n)+ δ(s )] Q2+2n,2+2n,0,0l (s )
= 1+ (−1)
l
2
2l+1(−1)n()2n
(
−d
2
+  + 1
)2
n
()2n+l
l ! n!
(
d
2
+ l
)
n
(d − 2(n+ ))n (l + 2n+ 2 − 1)l
(
−d
2
+ l + n+ 2
)
n
, (5.19)
which perfectly matches the results of [43,98,99].
In the same way, we can also consider the mixed correlator which has the mean-ﬁeld theory contribution:55
〈1212〉 = A
[12]
(y12)τ1 (y34)τ2
(5.20a)
A[12] = u(τ1+τ2)/2. (5.20b)
55 Note that, obviously, this is the most general case for which a mean ﬁeld theory contribution exists.
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From the action of the operators (3.53)[
n−1∏
i=0
T̂τ1+τ2+2i
]
A[12] = 23n(τ1)n(τ2)n
(
−d − 2(τ1 + 1)
2
)
n
(
−d − 2(τ2 + 1)
2
)
n
u(τ1+τ2+2n)/2, (5.21)
we quickly recover the corresponding double-trace operator [12]n,l OPE coeﬃcients for all n and l as:
(0)a[12]n,l =
23n(τ1)n(τ2)n
(
−d − 2(τ1 + 1)
2
)
n
(
−d − 2(τ2 + 1)
2
)
n
αn
(
τ1 + τ2
2
) (−1)l
l !
∫ i∞
−i∞
ds
2π i
δ(s + τ1 + τ2 + 2n)Qτ1+τ2+2n,τ1+τ2+2n,−τ1+τ2,τ1−τ2l (s )
=
2l (−1)−n(τ1)n(τ2)n
(
−d
2
+ τ1 + 1
)
n
(
−d
2
+ τ2 + 1
)
n
(n+ τ1)l (n+ τ2)l
l ! n!
(
d
2
+ l
)
n
(d − 2n− τ1 − τ2)n (l + 2n+ τ1 + τ2 − 1)l
(
−d
2
+ l + n+ τ1 + τ2
)
n
, (5.22)
which matches the result of [99].56
5.1.2. Scalar Double-Trace Deformations: Anomalous Dimensions
Leading Twist Anomalous Dimensions
As was outlined at the beginning of this section, once the mean ﬁeld theory OPE coeﬃcients are known, we can extract the anomalous
dimensions induced by double-trace ﬂows (5.1) from Equation (5.3) by extracting the log u terms arising in the s-channel expansion
of t- and u-channel CPWs. This computation coincides with the crossing kernel computation we performed in section §4. Focusing
ﬁrst on the leading twist double-trace operators, which contribute a term proportional to u log u, from (5.3) we obtain:
1
2
(0)a[]0,l δγ
[]
l ′ |0,l =
(
1+ (−1)l+l ′
2
)
2 J(t)0,0,0,0|l ,l ′ (t = 2) cO, (5.24)
where we have also inserted the squared OPE coeﬃcient cO and where the l ′ labels the spin of the CPW and therefore the spin of
the double-trace ﬂow (5.1), while we used that for identical external legs J(u)0,0,0,0|l ′,l = (−1)l+l
′
J
(t)
0,0,0,0|l ′,l .
The simplest double-trace ﬂow (5.1) is for l ′ = 0 (for which we deﬁne δγ0|n,l ≡ δγn,l ), which corresponds to the case in which we
deform the CFT with
λ
∫
dd yO2, (5.25)
whereO is a scalar single-trace primary operator of twist τ . If τ < d2 the CPW gives the diﬀerence between the IR and UV ﬁxed points.
Plugging into (5.24) the crossing kernal (4.8) for l ′ = 0, we obtain:
δγ
[]
0,0 =
2	(τ )	
(
d − τ
2
)2
	
(
d
2
)
	
( τ
2
)2
	
(
d
2
− τ
) cO, (5.26a)
δγ
[]
0,l =
(
1+ (−1)l
2
)
δγ0,0 4F3
⎛⎜⎜⎝−l , 2 + l − 1,
d − τ
2
,
τ
2
d
2
,,
; 1
⎞⎟⎟⎠ , (5.26b)
56 Note that in our conventions OPE coeﬃcients are deﬁned with respect to the conformal structures (2.7). To make contact with the normalisation
of [99] we compare the corresponding normalisation of the conformal blocks, which in the u → 0 and v → 1 limit in our conventions reads:
uτ/2
∫
ds
4π i
v−(s+τ )/2 ρ˜{τi }(s , τ )Ql ,τ (s ) ∼
(
− 1
2
)l
uτ/2(1− v)l . (5.23)
Accounting for the diﬀerent normalisation ∼ uτ/2(1− v)l in [99] we obtain perfect agreement for the OPE coeﬃcients (5.22).
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which matches the result recently obtained in [107] using position space methods.57
Mixed correlators. The above result can be extended with little eﬀort to the case of mixed correlators 〈1212〉. The mean-ﬁeld
theory OPE coeﬃcients were computed in §5.1.1, which for leading twist double-trace operators read
(0)a[12]0,l =
(−1)l
l !
Qτ1+τ2,τ1+τ2,−τ1+τ2,τ2−τ1l (−τ1 − τ2) =
2l (τ1)l (τ2)l
(l + τ1 + τ2 − 1)l . (5.27)
In this case, assuming that the only non-vanishing OPE coeﬃcients involving the scalar operators are c12O
58, we only have one
contribution to the log u term which is given by the t-channel CPW:
1
2
(0)a[12]0,l δγ
[12]
0,l = J(t)0,0,0,0|l ,l ′ (t = τ1 + τ2) c12O, (5.28)
from which we obtain
δγ
[12]
0,0 =
2	(τ )	
(
d − τ + τ1 − τ2
2
)
	
(
d − τ − τ1 + τ2
2
)
	
(
d
2
)
	
(
d − 2τ
2
)
	
(
τ + τ1 − τ2
2
)
	
(
τ − τ1 + τ2
2
) c12O, (5.29a)
δγ
[12]
0,l = (−1)l δγ [12]0,0
(τ1)l
(τ2)l
4F3
⎛⎜⎜⎝−l ,
d − τ + τ1 − τ2
2
,
τ + τ1 − τ2
2
, l + τ1 + τ2 − 1
d
2
, τ1, τ1
; 1
⎞⎟⎟⎠ (5.29b)
which again is in agreement with the result of [107] obtained using position space methods.
Subleading Double-Trace Operators
To extract the anomalous dimensions of subleading twist double-trace operators []n,l (i.e. with n = 0), we have to act on the t-
and u-channel CPWs in (5.3) with the operators (3.53) to project out the s-channel contributions from conformal multiplets of all
lower-twist double-trace operators []i,l , i = 0, . . . , n− 1.
The action of the operator T̂τ (given in (3.53)) on a generic Mellin amplitudeM(s , t) with equal external twists τ1 = τ2 =  satisﬁes
the following diﬀerence relation
T̂τM(s , t) = (t − τ )(−2d + t + τ + 2)2
[(
d2 − 2d(τ + 1)+ 2(s (s + t)+ t + τ )+ τ 2)M(s , t)+ (s + t)2M(s + 2, t)+ s 2M(s − 2, t)]
+ (t − 2)
2
2
[
(d2 − 2d(s + τ + 2)+ 2(s + 1)t + τ (τ + 2))M(s , t − 2)+ (d2 + 2d(s + t − τ − 2)
− 2t(s + t − 1)+ τ (τ + 2))M(s + 2, t − 2)]+ 1
2
(t − 2)2(t − 2( + 1))2M(s + 2, t − 4). (5.30)
In appendix §G we give the explicit form of the diﬀerence relation for Mellin amplitudes with arbitrary twist external legs. It is
straightforward to obtain analogous diﬀerence relations for arbitrary spinning legs but the corresponding result rather involved and
we will not present it explicitly here. Starting from the Mellin representation (4.5) of the t- and u-channel CPWs:
M(t)(s , τ1 + τ2) = 	(τ )
	
(
d
2
− τ
)
	
(
τ + τ1 − τ2
2
)2
	
(
τ − τ1 + τ2
2
)2 	
(
s + τ
2
)
	
(
d + s − τ
2
)
	
(
s + τ1 + τ2
2
)2 , (5.31a)
57 Note that the results (5.26) and (5.29) for external scalars were ﬁrst obtained in [33] in Appendix D, although they were not re-summed in terms of
4F3 hypergeometric functions.
58 This assumption ﬁts naturally the case in which O is uncharged and by charge conservation 1 and 2 must have opposite charge. This also
requires ciiO = 0. If we consider instead uncharged operators such that ciiO = 0 we get the same result with an overall factor (−1)l .
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M(u)(s , τ1 + τ2) =
	
(
d − τ + τ1 − τ2
2
)
	
(
d − τ − τ1 + τ2
2
)
	
( τ
2
)2
	
(
d − τ
2
)2
	
(
τ + τ1 − τ2
2
)
	
(
τ − τ1 + τ2
2
) 	
(−s + τ − τ1 − τ2
2
)
	
(
d − s − τ − τ1 − τ2
2
)
	
(−s + τ1 − τ2
2
)
	
(−s − τ1 + τ2
2
)
(5.31b)
we can act with the operators T̂τ using the diﬀerence relation (5.30) to project out all contributions from lower twist double-trace
operators. We can then proceed as for the leading twist case, which leads to the following result for the anomalous dimensions of
double-trace operators []n,l under double-trace ﬂows:
1
2
αn(2 + 2n)(0)a[]n,l δγ []n,l =
1+ (−1)l
2
4	(τ )
	
( τ
2
)4
	
(
d
2
− τ
) n∑
j=0
Dj Tnn− j, j , (5.32)
where
Tni j =
∫ i∞
−i∞
ds
4π i
	
(
− s
2
)2
	
(
d + s − τ
2
+ i
)
	
(
s + τ
2
+ j
)
Q2+2n,2+2n,0,0l (s )
=
2l	
(
2 j + τ
2
)2
	
(
d + 2i − τ
2
)2 (2 + 2n
2
)2
l
(l + 2 + 2n− 1)l	
(
d + 2i + 2 j
2
) 4F3
⎛⎜⎜⎝−l , 2 + 2n+ l + 1,
d
2
+ i − τ
2
, j + τ
2
d
2
+ i + j, + n, + n
; 1
⎞⎟⎟⎠ . (5.33)
The mean ﬁeld theory OPE coeﬃcients (0)a[]n,l are given by Equation (5.22) and Dj are coeﬃcients depending on d ,  and τ :
D0 = 12 (5.34a)
D1 = (d − 2( + 1))(τ − 2)
2
2(d − 2τ )
[
d − 2 − (τ − 2)τ − 2] , (5.34b)
D2 = (d − 2( + 1))(−d + 2 + τ )
2
2(d − 2τ )
[
(d − 3)d + 2( + τ + 1)+ τ (τ − 2d)] . (5.34c)
This recovers the n = 0 result discussed previously. For n > 1 the general results are a bit cumbersome and we avoid to write
down the explicit form of the coeﬃcients Di here. We give explicit general n expressions for selected dimensions in the next sec-
tion. It is useful to look at the l = 0 case where the hypergeometric function collapses to a single term. In this case, for n = 1
we get:
δγ
[]
1,0 =
1
2d2(d − 2( + 1))2
[
D0(d − τ )2 + D1τ 2
]
δγ
[]
0,0 . (5.35)
The above result, together with the n = 2 result which we do not write down for brevity, is plotted for various values of  and d in
Figure 3 and Figure 4. This exhibits positivity for d−22 < τ <
d
2 and  > 0 for some 0.
As has been demonstrated, the current framework allows to straightforwardly obtain any γn,l by simply iterating with the operator
T̂τ and evaluating the orthogonal projection with continuous Hahn polynomials, exactly mimicking the extraction of OPE coeﬃcients
discussed in preceding sections. In general the result for γn,l is a linear combination of Tni j with i + j = n and coeﬃcients Di j ﬁxed
by the action of the operators T̂2+2n.
Vector models in d = 4−  and d = 6− . The explicit form of the anomalous dimensions (5.32) for general n is quite involved for
arbitrary values of, d and τ , but simpliﬁcations arise for particular values. For instance, an interesting example is given by d = 4− 
with τ = d − 2 = 2− . In this case we can obtain the general n result, which reads:59
δγn,l =  cO 1+ (−1)
l
2
( − 1)2
( + n− 1)2 4F3
(
1, 1,−l , l + 2 + 2n− 1
2, + n, + n ; 1
)
, (5.36)
59 This result can be trivially extended to odd l by considering the result for mixed correlators in (5.29).
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Figure 3. Plot of δγ1,0 (vertical axis) in various dimensions in the interval τ ∈ [ d−22 , d2 ] (horizontal axis) for increasing values of  > d−22 (color-bar in
each graph).
Figure 4. Plot of δγ2,0 (vertical axis) in various dimensions in the interval τ ∈ [ d−22 , d2 ] (horizontal axis) for increasing values of  > d−22 (color bar).
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and is a remarkably simple extension of (5.26), to which it reduces for n = 0. A slightly more involved result can be obtained for
d = 6−  and τ = d − 2. In this case we have:
δγ0,l =  cO 1+ (−1)
l
2
6( − 1)2
(l + 1)(2 + l − 2)
[
4F3
(
1, 1,−l − 1, l + 2 − 2
2, − 1, − 1 ; 1
)
− 1
]
, (5.37a)
δγ1,l =  cO 1+ (−1)
l
2
[
3
(
2 − 4)
(l + 1)(2 + l ) 4F3
(
1, 1,−l − 1, l + 2
3,,
; 1
)
− 6[( − 4) + 6]( − 1)
2
(l + 1)(l + 2)(2 + l − 1)(2 + l )
× 4F3
(
1, 1,−l − 2, l + 2 − 1
2, − 1, − 1 ; 1
)
− 6( − 1)
2
[
l 2 + 2l + l − ( − 8) − 8]
(l + 1)(l + 2)(2 + l − 1)(2 + l )
]
(5.37b)
δγn,l =  cO 1+ (−1)
l
2
6( − 1)2
(l + 1)(l + 2)(2 + l + 2n− 3)(2 + l + 2n− 2)
×
[
1
2
[
( + 4n− 4)− 8] 4F3 ( 1, 1,−l − 1, l + 2n+ 2 − 2
3, n+  − 1, n+  − 1 ; 1
)
− [( − 2)2 + 2n] 4F3(1, 1,−l − 2, l + 2n+ 2 − 3
2, n+  − 2, n+  − 2 ; 1
)
+ 2 − l 2 − 2(l + 4)− 2ln+ l − 2n+ 10
]
. (5.37c)
The above result in d = 4−  can be neatly applied to the Wilson-Fisher ﬁxed point for a vector model with additional ﬂavour sym-
metries φa,i , where the index a is rotated by O(N) and the index i is rotated by O(M). In this case60 we can study singlet double-trace
deformations for the operator O = φa,iφa,i in correlators where the external legs are the non-singlet operators with respect to O(M)
i j = φa,(iφa,| j ). See e.g. [107] for similar discussions for leading twist n = 0 double-trace operators and [116] on another approach to
anomalous dimensions at the Wilson Fisher ﬁxed point.
We consider the simplest caseM = 2 for which O(2) ∼ U(1) and the operators can be chosen to be1 ≡  = φaφa ,2 ≡ ¯ = φ¯a φ¯a
and O = φa φ¯a . In this case also  and ¯ have dimension  = d − 2 and Wick contraction gives: c¯O = 4N . We thus obtain:
γn,l = 4N
(−1)l
(n+ 1)2 4F3
(
1, 1,−l , l + 2n+ 3
2, n+ 2, n+ 2 ; 1
)
. (5.38)
The large l -limit following the discussion in §4.5 gives the same asympotic behaviour independently of n:61
γ
[]
n,l→∞ ∼
8
N
log l
l 2
. (5.39)
In general, for arbitrary  the following result holds:
γ
[]
n,l→∞ ∼ 2 cO ( − 1)2
log l
l 2
. (5.40)
Similar results can be obtained for mixed correlators 〈1212〉with diﬀerent values of τ1 and τ2 but they are slightly more involved
when τ1 = τ2.
5.1.3. Higher-Spin Double-Trace Deformations: Anomalous Dimensions
In the subsequent sections we focus on the double-trace anomalous dimensions induced by a general double-trace deformation (5.1)
with l ′ arbitrary, which is generically non-unitary.
60 We remind the reader that CPWs are directly related to anomalous dimensions only for correlators which do not include on the the operator
exchanged in the internal leg also on the external legs of the CPW. Otherwise further contributions would need to be taken into account.
61 A similar logarithmic behaviour was observed in [107] for the n = 0 case.
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Figure 5. Plot of δγ []l ′ |0,0 in d = 2 on the left and d = 3 on the right, in the interval τ ∈ [ d−22 , d2 ] for even values of l ′.
In this case, using (5.24), for l = 0 we get:
δγ
[]
l ′ |0,0 =
1+ (−1)l ′
2
(
1
2
)l ′−1
(d − 2)l ′ (τ )2l ′
(
τ + 2− d
2
)
l ′
(
d − 2(l ′ + τ )
2
)
l ′(
d
2
− 1
)
l ′
( τ
2
)2
l ′
(
d − 2l ′ − τ
2
)
l ′
(d − l ′ − τ − 1)l ′
δγ
[]
0|0,0 . (5.41)
It is interesting to notice that, for instance in d = 3, the above result is positive for τ > 1 for any even l ′, which is shown in Figure 5.62
For l ′ = 0 the above positivity holds in the full range τ ∈ [ d−22 , d2 ]. It is also interesting to consider the generic d = 2 result for some
values of l ′ which is displayed in Figure 5, from which one can see the positivity of the RG ﬂow for all unitary values of τ for arbitrary
even spin deformations.63
The above results can be extended tomixed correlators 〈1212〉. We can read oﬀ the anomalous dimensions from the t channel
crossing kernel only since 〈12 Jμ(2l+1)〉 = 0 but 〈ii Jμ(2l+1)〉 = 0 for both i = 1, 2. In this case we obtain:
δγ
[12]
l ′ |0,0 =
(−2)−l ′ (d − 2)l ′ (τ )2l ′
(
d − 2(l ′ + τ )
2
)
l ′
(−τ1 + τ2 + τ + 2− d
2
)
l ′(
d
2
− 1
)
l ′
(d − l ′ − τ − 1)l ′
(
τ1 − τ2 + τ
2
)
l ′
(−τ1 + τ2 + τ
2
)
l ′
(
d − 2l ′ + τ1 − τ2 − τ
2
)
l ′
δγ
[12]
0|0,0 . (5.42)
The above computation is valid at generic values of τ . However, as discussed in section §4.2, the above diverges when τ = d − 2− k,
with k = 0, . . . , l ′ − 1 since the conformal multiplet is shortened. These cases correspond to (partially-)conserved current deforma-
tions and the bulk dual would include partially-massless gauge ﬁelds.[108,109] Proceeding as discussed in §4.3 in order to properly treat
the divergences, the general result for δγ []l ′ |0,0 reads:
δγ
[]
l ′,k|0,0 = −
1+ (−1)l ′
2
2d+l
′−2k−1	
(
k
2
+ 1
)
	(d + l ′ − 2)	
(
d
2
+ l ′ − k − 1
)
	
(
d + 2l ′ − k − 1
2
)
	(d − 1)	
(
k + 1
2
)
	
(
d
2
+ l ′ − 1
)
	(l ′ − k)	
(
d
2
+ l ′ − k
2
− 1
)
×
[
cos
(
πd
2
)
+ 1
2π
sin
(
πd
2
)(
−Hd
2 +l ′− k2−2 + 2Hd2 +l ′−k−2 + H12 (d+2l ′−k−3) − 2Hl ′−k−1 − Hk2
+ Hk−1
2
+ log(16)− 2
d + 2l ′ − 2k − 4
)]
cOl ′ . (5.43)
For example, for k = 0 (conserved currents) we obtain:
δγ
[]
l ′,0|0,0 = −
1+ (−1)l ′
2
2d+J−1	
(
d − 1
2
+ J
)
	(d + J − 2)
√
π	(d − 1)	(J )	
(
d
2
+ J − 1
) [ 1
π
sin
(
πd
2
)(
Hd+2l ′−3 − Hl ′−1 − 1d + 2J − 4
)
+ cos
(
πd
2
)]
cOl ′ .
(5.44)
62 We note that a similar positivity result was obtained in [112] for the change in free energy δF for the same range of dimensions.
63 Odd spin deformation have opposite sign in accordance with the intuition that they carry repulsive forces while even spin ﬁelds only carry attractive
forces.
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Figure 6. Plot of δγ []l ′,k=0|0,0 (vertical axis) for l
′ = 2, 4, 6 varying the space time dimension from in d ∈ [1, 4] (horizontal axis). The ﬁnite part is positive
up to d ≈ 3.
Figure 6 exhibits nice positivity properties in low dimensions which hold also for k > 0. Note that in this case = d − 2+ s − k > d2
for all 0 ≤ k ≤ s − 1 and therefore for all partially massless points when d > 2. Therefore, in our conventions, δγ ≡ γUV − γI R. In
this case for l = 0 and arbitrary l ′ we obtain:
δγ
[]
l ′,k=0|0,0
∣∣∣
d=2
= 1+ (−1)
l ′
2
2l
′+1	
(
l ′ + 1
2
)
√
π	(l ′)
cJl ′ , (5.45a)
δγ
[]
l ′,k=0|0,0
∣∣∣
d=4
= −1+ (−1)
l ′
2
2l
′+2l ′(l ′ + 1)	
(
l ′ + 3
2
)
√
π l ′!
cJl ′ . (5.45b)
Similar results can be straightforwardly obtained for arbitrary l by employing the explicit form of the crossing kernel in terms of the
4F3. It would be interesting to study the implications of this result in d = 2 to the case of the TT¯ deformation, which was introduced
recently in [117].
5.2. Spinning Correlators
In this section we consider 4pt correlators of spinning operators under a double trace ﬂow, and the corresponding anomalous dimen-
sions of totally symmetric double-trace operators induced at O(1/N). We shall focus on examples of spinning correlators of the type
J -0-J -0, looking at CPWs with exchanged scalars only – i.e. double-trace ﬂows induced by the perturbation (5.1) with l ′ = 0. We also
do not discuss explicitly subleading twist operators. None-the-less, the extension of these results to include these more general cases
does not pose conceptual obstacle following the same steps as in the previous section §5.1 for the external scalar case, in which these
more general cases where considered.
Let us note here that the CPWEs of spinning 4pt correlators generally receive contributions from exchanges of mixed-symmetry
representations. In the J -0-J -0 cases considered in the following, under the double-trace ﬂow such contributions are from the ex-
change of two-row mixed-symmetry double-trace operators. We label mixed symmetry representations in the manifestly symmetric
representation by the notation:
(l1, l2) =
,
(5.46)
and refer to Appendix F for some details about the OPE structures contributing in this case. The CPW of a spin (l1, l2) double-trace
operator [J1 J2] is then represented by F [J1 J2](l1,l2) . See [50,54–56,118] on conformal partial waves for the exchange of mixed symmetry
representations in position space.
5.2.1. 1010 Correlator
In this section we consider the correlator〈
J (y1)(y2)J (y3)(y4)
〉
, (5.47)
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involving a spin-1 operator J of twist τ1 and a scalar  operator of twist τ2. After determining the mean ﬁeld theory s-channel OPE
coeﬃcients in the following section, we extract the anomalous dimensions of the totally symmetric [J]0,l double-trace operators
induced by the double-trace ﬂow.64
Mean ﬁeld theory OPE coeﬃcients. The mean-ﬁeld theory part of the correlator (5.47) is very simple and reads:
A(0)1010 = 2W13W31 uτ1+τ2 . (5.48)
In this case, there are two possible representations which may contribute in the s-channel for each spin l : totally symmetric (l , 0) and
(l − 1, 1) hook. To extract the OPE coeﬃcients, we ﬁnd that it is convenient to work in the following basis of CPWs:
1F˜ [J]l (s , t|Wij ) = F [J](l ,0) (s , t|Wij )+ αl F [J](l ,1) (s , t|Wij )+ βl F [J](l−1,1)(s , t|Wij ), (5.49a)
2F˜ [J]l (s , t|Wij ) = F [J](l−1,1)(s , t|Wij ), (5.49b)
which includes a linear combination CPWs for the exchange of totally symmetric and mixed symmetry operators of diﬀerent spin.
I.e. this basis is not diagonal in spin. We pick a basis of this type to automatically cancel all tensor structures which do not appear in
the mean-ﬁeld theory correlator. In particular, we ﬁx the coeﬃcients αl and βl above requiring that the dependence of 1F˜ [J]l (s , t|Wij )
on Wij is the same as that in the mean-ﬁeld theory correlator (5.48). This gives the solution:
αl = l + 1l
2(l + τ2 − 1)2(l + τ1 + τ2)(2l + τ1 + τ2 + 1)
(l + τ1)(l + τ2)(l + τ1 + τ2 − 1)(2l + τ1 + τ2 − 1)(−d + l + τ1 + τ2 + 2)
, (5.50a)
βl = 1. (5.50b)
Going to Mellin space and focusing on the leading twist contributions, the corresponding kinematic polynomials for this basis
q Q˜l ,τ1+τ2,0(s |Wij ) = −
1
2
Rest=τ1+τ2
[
ρ{τi }(s , t) q F˜l (s , t|Wij )
]
, (5.51)
are given by:
1Q˜l ,τ1+τ2,0(s |Wij ) = [2W13W31]Al
(−s + τ1 − τ2
2
)
2
Q(τ1+τ2,τ1+τ2,−τ1+τ2,τ1−τ2+4)l−1 (s ) (5.52a)
2Q˜l ,τ1+τ2,0(s |Wij ) = W13W31 B(1)l
(−s − τ1 + τ2
2
)
1
(−s + τ1 − τ2
2
)
2
Q(τ1+τ2,τ1+τ2,−τ1+τ2+2,τ1−τ2+4)l−2 (s )
+ (W13W32 + W14W31 − W14W32)B(2)l
(−s + τ1 − τ2
2
)
1
(
s + τ1 + τ2
2
)2
1
Q(τ1+τ2+2,τ1+τ2+2,−τ1+τ2,τ1−τ2+2)l−2 (s ),
(5.52b)
in terms of the continuous Hahn polynomials and the overall coeﬃcients are:
Al = (−1)l−1(l − 1)!
(
N
(τ1+τ2,τ1+τ2,−τ1+τ2,τ1−τ2+4)
l−1
)−1
(5.53a)
B(1)l =
(−1)l−1
l
(l − 1)!
(
N
(τ1+τ2,τ1+τ2,−τ1+τ2+2,τ1−τ2+4)
l−2
)−1
(5.53b)
B(2)l =
(−1)l
l
(l − 1)!
(
N
(τ1+τ2+2,τ1+τ2+2,−τ1+τ2,τ1−τ2+2)
l−2
)−1
. (5.53c)
The above kinematic polynomials allow to straightforwardly extract the OPE coeﬃcients of the leading twist double-trace operators
[J] along the same lines as in §3.5 using the orthogonality of the continuous Hahn polynomials. In particular, the mean ﬁeld theory
64 The anomalous dimensions of [J J ] and [] double-trace operators cannot be extracted from the above correlator alone at O(1/N), since they do
not contribute to the mean ﬁeld theory part.
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part (5.48) just receives contributions from 1Q˜l ,τ1+τ2,0(s |Wij ), so we may expand:
A(0)1010 = (2W13W31)uτ1+τ2
∫ i∞
−i∞
ds
2π i
v−(s+τ1+τ2)/2 δ(s + τ1 + τ2)
= uτ1+τ2
∫ i∞
−i∞
ds
2π i
v−(s+τ1+τ2)/2 ρ˜{τi }(s , τ1 + τ2)
∑
l
1al 1Q˜l ,τ1+τ2 (s |Wij ). (5.54)
The above expressions can then be inverted using the orthogonality of the continuous Hahn polynomials, which leads to the following
expressions for the coeﬃcients 1al :
1al = (−1)
l−1
(l − 1)!
∫ i∞
−i∞
ds
2π i
δ(s + τ1 + τ2)Q(τ1+τ2,τ1+τ2,−τ1+τ2,τ1−τ2+4)l−1 (s )
= (−1)
l−1
(l − 1)! Q
(τ1+τ2,τ1+τ2,−τ1+τ2,τ1−τ2+4)
l−1 (−τ1 − τ2) =
2l−1(τ1 + 2)l−1(τ2)l−1
(l − 1)!(l + τ1 + τ2)l−1 (5.55)
From above OPE coeﬃcients for the non-diagonal basis (5.49) one can automatically read oﬀ the individual OPE coeﬃcients of the
totally symmetric and hook representations from the r.h.s of (5.49) as
a[J](l ,0) = 1al , a[J](l−1,1)
∣∣∣
l≥2
= βl (1al )+ αl−1 (1al−1), (5.56)
which gives:
a[J](l ,0) =
2l−1(τ1 + 2)l−1(τ2)l−1
(l − 1)!(l + τ1 + τ2)l−1 , (5.57a)
a[J](l−1,1) = a[J](l ,0)
2l + τ1 + τ2 − 2
(l + τ1 − 1)(l + τ1)
(
l (l + τ2 − 2)(2l + τ1 + τ2 − 1)
(l + τ2 − 1)(l + τ1 + τ2 − 2)(l + τ1 + τ2 + 1− d) +
(l + τ1 − 1)(l + τ1)
2l + τ1 + τ2 − 2
)
. (5.57b)
Anomalous dimensions. With the mean ﬁeld theory OPE coeﬃcients (5.57) of the leading twist [J] double-trace operators, we can
now extract their anomalous dimensions from the crossing kernels of t- and u-channel CPWs for the scalar single-trace operatorO of
twist τ in the double-trace perturbation (5.1) (see e.g. (5.11)). Only the u-channel CPWs contribute if we assume thatO is not charged
underU(1). In this case, the contribution from the t-channel in the diﬀerence (5.3) is proportional to c JO = 0.
For J -0-J -0 correlators, the u-channel CPW with a scalar internal leg is unique. In Equation (5.3) it yields the following log contri-
bution of leading twist double-trace operators in the s-channel:
c J JO cO (u)F0,0τ,0 (u, v|Wij ) = uτ1+τ2 log u f (v|Wij ) +O
(
uτ1+τ2+1
)
, (5.58)
with OPE coeﬃcients c J JO, and cO , and f (v|Wij ) in Mellin space reads:
f (v|Wij ) = c J JO cO
∫ i∞
−i∞
ds
4π i
v−(s+τ1+τ2)/2ρ{τi }(s , τ1 + τ2)M(u)1010(s , τ1 + τ2|Wij ), (5.59)
where in this case we have:
M
(u)
1010(s , τ1 + τ2) = C1(2W13W31)+ C2 [W14W31 + W13W32 − W14W32] , (5.60)
with
Ci =
	
(−s + τ − τ1 − τ2
2
)
	
(
d − s − τ − τ1 − τ2
2
)
	
(−s + τ1 − τ2
2
)
	
(−s − τ1 + τ2
2
) Zτ ci , (5.61a)
Zτ =
	(τ )	
(
d − τ + τ1 − τ2
2
)
	
(
d − τ − τ1 + τ2
2
)
	
( τ
2
)2
	
(
d
2
− τ
)
	
(
d − τ
2
)2
	
(
τ + τ1 − τ2
2
)
	
(
τ − τ1 + τ2
2
) , (5.61b)
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Figure 7. List of representations contributing in the s-channel for the correlator 〈 J  J 〉.
c1 = − s
2 + 2s (τ1 + τ2 − 1)+ 2τ + (τ1 + τ2 − 2)(τ1 + τ2)
τ 2
− 2−τ + τ1 + τ2 , (5.61c)
c2 = (s + τ1 + τ2)
2
τ 2
. (5.61d)
Like in the previous examples, the anomalous dimensions are the coeﬃcients in the expansion of (5.60) in terms of the kinematic
polynomials (3.11b):65
c J JO cOM(u)(s , τ1 + τ2|Wij ) = 12
∞∑
l=1
[
a[J]0,l
(
δγ
[J]
(l ,0) Q(l ,0),τ1+τ2,0(s |Wij )
+αl δγ [J](l ,1) Q(l ,1),τ1+τ2 (s |Wij )+ βlδγ [J](l−1,1)Q(l−1,1),τ1+τ2,0(s |Wij )
)]
. (5.62)
I.e. they are given by the crossing kernels of the u-channel CPW (5.58) onto the leading twist double-trace CPWs in the s-channel. This
in particular involves the projection onto CPWs of the mixed-symmetry type, which was not considered previously in §4. To extract
the coeﬃcients we employ the non-diagonal basis (5.49), in terms of which (5.62) reads:
c J JO cOM(u)(s , τ1 + τ2|Wij )
=
∞∑
l=1
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
1
2
a[J]0,l δγ
[J]
(l ,0)︸ ︷︷ ︸
p(1)l
1Q˜l ,τ1+τ2 (s |Wij )+
1
2
a[J]0,l
[
αl
(
δγ
[J]
l ,1 − δγ [J]l ,0
)
+ βl+1
(
δγ
[J]
l ,1 − δγ [J]l+1,0
)]
︸ ︷︷ ︸
p(2)l
2Q˜l ,τ1+τ2 (s |Wij )
⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ . (5.63)
Diagram 7 shows the set of operators which mix at a given l . It is now straightforward to use the orthogonality of continuous Hahn
polynomials to extract p(1)l and p
(2)
l .We ﬁrst extract p
(2)
l by restricting to the tensor structureW14W31 + W13W32 − W14W32 which appears
only in the kinematic polynomial 2Q˜l ,τ1+τ2 (s |Wij ) (see (5.52b)):
p(2)l =
(−1)l l
(l − 1)!
∫
ds
4π i
ρ{τi }(s , τ1 + τ2)
[
M(u)(s , τ1 + τ2|Wij )
]
W14W31+W13W32−W14W32 Q
(τ1+τ2+2,τ1+τ2+2,−τ1+τ2,τ1−τ2+2)
l−2 (s ). (5.64)
From this we can then extract p(1)l by focusing on the remaining structureW13W31, which is present in both 2Q˜l ,τ1+τ2,0 and 1Q˜l ,τ1+τ2,0:
p(1)l =
2(−1)l−1l
(l − 1)!
∫
ds
4π i
ρ{τi }(s , τ1 + τ2)
[
M(u)(s , τ1 + τ2|Wij )−
∞∑
l ′=1
p(2)l ′ 2Q˜l ′,τ1+τ2,0(s |Wij )
]
2W13W31
Q(τ1+τ2,τ1+τ2,−τ1+τ2+2,τ1−τ2+4)l−2 (s ),
(5.65)
65 Here we ﬁxed the signs to reproduce FI R − FUV with τ < d2 .
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where we subtracted the contributions from the 2Q˜l ,τ1+τ2,0. Carrying out the algebra and performing the integral in (5.64) using (D.6b),
for p(2)l we obtain:
p(2)l = p(2)2 a[J](l ,0)
l (τ1 + 2)(2l + τ1 + τ2 − 2)
(l + τ1)(τ1 + τ2 + 2) 4F3
⎛⎜⎜⎝ 2− l ,
d − τ
2
+ 1, τ
2
+ 1, l + τ1 + τ2
d
2
+ 2, τ1 + 2, τ2 + 1
; 1
⎞⎟⎟⎠ , (5.66)
where
p(2)2 =
	
( τ
2
)2
	
(
d − τ + 2
2
)2
	
(
d + 4
2
) Zτ . (5.67)
We can now focus on the tensor structure 2W13W31 and use the corresponding inversion formula for 1Q˜l ,τ1+τ2 (Equation (5.65)) to
extract p(1)l . To evaluate (5.65), for the second term in the bracket we employ the identity:
66
∫ i∞
−i∞
ds
4π i
ρ{τi }(s , τ1 + τ2)
(−s − τ1 + τ2
2
)
1
(−s + τ1 − τ2
2
)
2
Q(τ1+τ2,τ1+τ2,−τ1+τ2+2,τ1−τ2+4)l ′−1 (s ) Q
(τ1+τ2,τ1+τ2,−τ1+τ2,τ1−τ2+4)
l−1 (s )
= N(τ1+τ2,τ1+τ2,−τ1+τ2+2,τ1−τ2+4)l ′−1
[
δl ′,l + 2(l − 1)(l + τ1)
2
(2l + τ1 + τ2 − 2)(2l + τ1 + τ2 − 1) δl
′,l−1
]
. (5.68)
For the ﬁrst term in the bracket, we bring it into the form of the integral (D.6) by decomposing it as:
ρ{τi }(s , τ1 + τ2)M(u)(s , τ1 + τ2|Wij )
∣∣∣
2W13W31
= Zτ
2∑
i=0
di
(
s + τ1 + τ2
2
)
i
	
(
s + τ1 + τ2
2
)2
	
(−s + τ − τ1 − τ2
2
)
	
(
d − s − τ − τ1 − τ2
2
)
, (5.69)
where the coeﬃcients di are s -independent:
d0 = τ (τ1 + τ2)4(τ − τ1 − τ2) , d1 = 1, d2 = −
1
2
. (5.70)
Combining all terms we ﬁnd the following explicit expression for the anomalous dimensions of the totally symmetric leading twist
double-trace operators of spin-l :
1
2
δγ
[J ,]
(l ,0) =
p(1)l
a[J](l ,0)
= c J JO cO
{
Zτ
2∑
i=0
di Ti −
[
2(l − 1)(l + τ1)2
(2l + τ1 + τ2 − 2)(2l + τ1 + τ2 − 1) p
(2)
l −
l
l + 1 p
(2)
l+1
]}
, (5.71)
where the mean ﬁeld theory OPE coeﬃcient a(l ,0) is given by (5.57) and
Ti =
(−1)l+1	(l )	
( τ
2
)
	
(
d
2
− τ
2
)
	
(
i + τ
2
)
	
(
d
2
+ i − τ
2
)
	
(
d
2
+ i
) 4F3
⎛⎜⎜⎝ 1− l ,
d
2
− τ
2
,
τ
2
, l + τ1 + τ2
d
2
+ i, τ1 + 2, τ2
; 1
⎞⎟⎟⎠ . (5.72)
The simplest form is given by l = 1:
δγ
[J]
(1,0) = c J JO cO
(d − τ + τ1 + τ2)
2(τ − τ1 − τ2)
2	(τ )	
(
d − τ + τ1 − τ2
2
)
	
(
d − τ − τ1 + τ2
2
)
	
(
d
2
+ 1
)
	
(
d
2
− τ
)
	
(
τ + τ1 − τ2
2
)
	
(
τ − τ1 + τ2
2
) , (5.73)
66 This conﬁrms that the degeneracy of operators at ﬁxed l is among operators as shown in Figure 7.
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Figure 8. Plot of δγ [ J ](1,0) (vertical axis) for various values of τ2 and τ1 = d − 2 in d = 3, 4 for τ ∈ [ d−22 , d2 ] (horizontal axis).
which we represent explicitly in Figure 8 for d = 3 and for d = 4 and various increasing choices of τ and τ2 while we ﬁx τ1 = d − 2
which corresponding to a conserved current.
More simply the general l result can be written in this case as:
δγ
[J]
(l ,0) = δγ [J](1,0)
2(d − τ )(τ − τ1 − τ2)
τ (d − τ + τ1 + τ2)
⎡⎢⎢⎣4F3
⎛⎜⎜⎝ 1− l ,
d
2
− τ
2
,
τ
2
, l + τ1 + τ2
d
2
+ 1, τ1 + 2, τ2
; 1
⎞⎟⎟⎠
+ d(τ1 + τ2)
2(d − τ )(τ − τ1 − τ2) 4F3
⎛⎜⎜⎝1− l ,
d
2
− τ
2
,
τ
2
, l + τ1 + τ2
d
2
, τ1 + 2, τ2
; 1
⎞⎟⎟⎠+ τ (d − τ )(l + τ2 − 1)(l + τ1 + τ2)4(d + 2)τ2(2l + τ1 + τ2 − 1)
× 4F3
⎛⎜⎜⎝ 1− l ,
d
2
− τ
2
+ 1, τ
2
+ 1, l + τ1 + τ2 + 1
d
2
+ 2, τ1 + 2, τ2 + 1
; 1
⎞⎟⎟⎠+ (l − 1)τ (τ − d)(l + τ1)4(d + 2)τ2(2l + τ1 + τ2 − 1)
×4F3
⎛⎜⎜⎝ 2− l ,
d
2
− τ
2
+ 1, τ
2
+ 1, l + τ1 + τ2
d
2
+ 2, τ1 + 2, τ2 + 1
; 1
⎞⎟⎟⎠− (τ + 2)(d − τ + 2)4(d + 2) 4F3
⎛⎜⎜⎝1− l ,
d
2
− τ
2
,
τ
2
, l + τ1 + τ2
d
2
+ 2, τ1 + 2, τ2
; 1
⎞⎟⎟⎠
⎤⎥⎥⎦ . (5.74)
5.2.2. 2020 Correlators
In this section we consider the correlator
〈T (y1) (y2) T (y3) (y4)〉 (5.75)
involving a spin 2 operator T of twist τ1 and a scalar operator  of twist τ2.
Mean ﬁeld theory OPE coeﬃcients. We start again from the mean-ﬁeld theory contribution, which reads:
A2020 = (2W13W31)2 u
τ1+τ2
2 , (5.76)
where we work with arbitrary τ1 which can then be set to d − 2 for the case of the stress tensor. In this case the list of conformal blocks
exchanged in the s-channel includes the representations (l , 0), (l − 1, 1) and (l − 2, 2) CPWs, see Figure 9.
Generalising the 1010 case considered in the previous section, we pick the following basis of CPWs (see Figure 9):
q F˜ [T]l (s , t|Wij ) =
2−q∑
p=0
p∑
k=0
α
q
p,kF [T](l−p−q+k+1,p+q−1)(s , t|Wij ), (5.77)
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Figure 9. Double-trace operators contributing to the 〈T T 〉. The colored triangles represent the operator which mix with a given totally symmetric
operator.
which is non-diagonal in spin and q = 1, 2, 3.We ﬁx αq0,0 = 1, which is the coeﬃcient of the CPW for the exchange of totally symmetric
representations (l , 0). As before, we ﬁx all remaining coeﬃcients above by requiring that for each q the terms not proportional to
(2W13W31)3−q are cancelled. Since we focus on extracting the OPE data of totally symmetric double-trace operators, the precise explicit
result for the other coeﬃcients αqp,k is not important and we will not discuss them in the following.
The corresponding kinematic polynomials for leading twist double-trace operators are given by
q Q˜l ,τ1+τ2,0(s |Wij ) = −
1
2
Rest=τ1+τ2
[
ρ{τi }(s , t) q F˜l (s , t|Wij )
]
, (5.78)
with
1Q˜l ,τ1+τ2,0(s |Wij ) = [2W13W31]2Al
(−s + τ1 − τ2
2
)
4
Q(τ1+τ2,τ1+τ2,−τ1+τ2,τ1−τ2+8)l−2 (s ), (5.79a)
2Q˜l ,τ1+τ2,0(s |Wij ) = B(1)l (W13W31)2
(−s − τ1 + τ2
2
)
1
(−s + τ1 − τ2
2
)
4
Q(τ1+τ2,τ1+τ2,−τ1+τ2+2,τ1−τ2+8)l−3 (s )
+ B(2)l W13W31(W14W31 + W13W32 − W14W32)
(
s + τ1 + τ2
2
)2
1
(−s + τ1 − τ2
2
)
3
Q(τ1+τ2+2,τ1+τ2+2,−τ1+τ2,τ1−τ2+6)l−3 (s ),
(5.79b)
3Q˜l ,τ1+τ2,0(s |Wij ) = C(1)l (W13W31)2
(−s − τ1 + τ2
2
)
2
(−s + τ1 − τ2
2
)
4
Q(τ1+τ2,τ1+τ2,−τ1+τ2+4,τ1−τ2+8)l−4 (s )
+ C(2)l W13W31(W14W31 + W13W32)
(
s + τ1 + τ2
2
)2
1
(−s − τ1 + τ2
2
)
1
(−s + τ1 − τ2
2
)
3
× Q(τ1+τ2+2,τ1+τ2+2,−τ1+τ2+2,τ1−τ2+6)l−4 (s )+ C(3)l (W214W232 − 2W13W14W232 + W213W232 − 2W214W31W32
+ W214W231)
(
s + τ1 + τ2
2
)2
2
(−s + τ1 − τ2
2
)
2
Q(τ1+τ2+4,τ1+τ2+4,−τ1+τ2,τ1−τ2+4)l−4 (s )+ · · · (5.79c)
where the . . . in (5.79c) represents the tensor structureW13W31W14W32 which is ﬁxed by conformal invariance and does not play a role
in the following discussion. For this reason we do not need to write it down explicitly. The coeﬃcients are given by:
Al = (−1)l−2(l − 2)!
(
N
(τ1+τ2,τ1+τ2,−τ1+τ2,τ1−τ2+8)
l−2
)−1
, (5.80a)
B(1)l = (−1)l−2(l − 3)!
2(l − 2)2
l (l − 1)
(
N
(τ1+τ2,τ1+τ2,−τ1+τ2+2,τ1−τ2+8)
l−3
)−1
, (5.80b)
B(2)l = (−1)l−3(l − 3)!
2(l − 2)2
l (l − 1)
(
N
(τ1+τ2+2,τ1+τ2+2,−τ1+τ2,τ1−τ2+6)
l−3
)−1
, (5.80c)
C(1)l = (−1)l−4
(l − 3)!
l − 1
(
N
(τ1+τ2,τ1+τ2,−τ1+τ2+4,τ1−τ2+8)
l−4
)−1
, (5.80d)
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C(2)l = 2(−1)l−3
(l − 3)!
l − 1
(
N
(τ1+τ2+2,τ1+τ2+2,−τ1+τ2+2,τ1−τ2+6)
l−4
)−1
, (5.80e)
C(3)l = (−1)l−4
(l − 3)!
l − 1
(
N
(τ1+τ2+4,τ1+τ2+4,−τ1+τ2,τ1−τ2+4)
l−4
)−1
. (5.80f )
In the s-channel expansion of the mean ﬁeld theory correlator there are only contributions from 1F˜l . Like in all previous examples,
we can extract the mean ﬁeld theory OPE coeﬃcients of the totally symmetric leading twist double-trace operators [T] using the
orthogonality of the continuous Hahn polynomials. We obtain:
a[T](l ,0) =
2l−2(τ1 + 4)l−2(τ2)l−2
(l − 2)!(l + 2+ τ1 + τ2 − 1)l−2 , (5.81)
whose simple form is remarkable. For brevity we will not attempt to obtain here the OPE coeﬃcients of the mixed symmetry double-
trace operators, though the approach follows the same lines as for the totally symmetric double-trace operators above.
Anomalous dimensions. With the result (5.81) for the mean ﬁeld theory OPE coeﬃcients, we can now extract the anomalous di-
mensions induced at O(1/N) by the perturbation (5.1) with l ′ = 0. Like from the 1-0-1-0 case considered previously, this comes from
the crossing kernel of the u-channel CPW in (5.3) for the exchange of the scalar single trace operator O of twist τ . In this case we
have:
M
(u)
2020(s , τ1 + τ2) = C1(2W13W31)2 + C2(2W13W31) [W14W31 + W13W32]+ C3 (2W13W31)W14W32
+ C4
[
W214W
2
31 +W213W232 − 2W214W31W32 − 2W13W14W232
]
, (5.82)
where
Ci =
	
(−s + τ − τ1 − τ2
2
)
	
(
d − s − τ − τ1 − τ2
2
)
	
(−s + τ1 − τ2
2
)
	
(−s − τ1 + τ2
2
) Zτ ci (5.83a)
Zτ =
	(τ )	
(
d − τ + τ1 − τ2
2
)
	
(
d − τ − τ1 + τ2
2
)
	
( τ
2
)2
	
(
d
2
− τ
)
	
(
d − τ
2
)2
	
(
τ + τ1 − τ2
2
)
	
(
τ − τ1 + τ2
2
) (5.83b)
c1 =
(s − τ + τ1 + τ2 − 6)(s − τ + τ1 + τ2 − 4) (s − τ + τ1 + τ2 − 2)(s − τ + τ1 + τ2)
4τ 2(τ + 2)2
+ (s − τ + τ1 + τ2 − 4)(s − τ + τ1 + τ2 − 2)(s − τ + τ1 + τ2)
τ 2(τ + 2) +
(s − τ + τ1 + τ2 − 2)(s − τ + τ1 + τ2)
τ 2
− 2(s − τ + τ1 + τ2 − 2)(s − τ + τ1 + τ2)
τ 2(τ − τ1 − τ2) +
(s − τ + τ1 + τ2 − 2)(s − τ + τ1 + τ2)
2τ (τ + 2)
+ (s − τ + τ1 + τ2)
τ
+ 4(s − τ + τ1 + τ2)
τ (−τ + τ1 + τ2) +
2
−τ + τ1 + τ2 −
2
(τ − τ1 − τ2)(−τ + τ1 + τ2 + 2) +
1
4
(5.83c)
c2 =
(s + τ1 + τ2)2
(−τ (s + τ1 + τ2)2 + (τ1 + τ2) (s + τ1 + τ2)2 + 4τ (τ1 + τ2 + 3)+ 4(τ1 + τ2 + 4))
τ 2(τ + 2)2(τ − τ1 − τ2)
(5.83d)
c3 = 2(s + τ1 + τ2)
2
τ 2
(
(s − τ + τ1 + τ2)(s + τ + τ1 + τ2 + 2)
(τ + 2)2 +
2
τ1 + τ2 − τ + 1
)
(5.83e)
c4 = (s + τ1 + τ2)
2(s + τ1 + τ2 + 2)2
τ 2(τ + 2)2 (5.83f )
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As before, to extract the anomalous dimensions we expand in the kinematic polynomials of the basis (5.77):
cTTO cOM
(u)
2020(s , t) =
∞∑
l=2
(
p(1)l 1Q˜l ,τ1+τ2,0(s |Wij )+ p(2)l 2Q˜l ,τ1+τ2,0(s |Wij )+ p(3)l 3Q˜l ,τ1+τ2,0(s |Wij )
)
, (5.84)
where for the totally symmetric double-trace operators we have
1
2
a[T](l ,0) δγ
[T]
(l ,0) = cTTOcO p(1)l . (5.85)
For ease of presentation we just focus here on the simplest case of the anomalous dimension of [T](2,0). In this case we just need
to disentangle the contributions [T](2,0), [T](2,1) and [T](2,2). The mixing in general is only among terms belonging to the same
triangle in Figure 9 and in the lowest spin case it corresponds to just the red arrows. The structure of the basis allows to iteratively solve
ﬁrst for the coeﬃcient of 3Q˜4,τ1+τ2,0 by focusing, say, on the tensor structure W214W232 which is not present in 2Q˜3,τ1+τ2,0 or 1Q˜2,τ1+τ2,0.
In this way we obtain:
p(3)4 = 3
∫ i∞
−i∞
ds
4π i
ρ˜{τi }(s , τ1 + τ2)C4Q(τ1+τ2+4,τ1+τ2+4,−τ1+τ2,τ1−τ2+4)0 (s ) =
3	
( τ
2
)2
	
(
d − τ + 4
2
)2
	
(
d
2
+ 4
) Zτ . (5.86)
Then one can subtract the contribution of 3Q˜4,τ1+τ2,0 in (5.84) and extract the coeﬃcient of 2Q˜3 from, say, the tensor structure
W13W31W14W31 which is not present in 1Q˜2,τ1+τ2,0:67
p(2)3 = 3
∫ i∞
−i∞
ds
4π i
ρ˜{τi }(s , τ1 + τ2)
[
C2 − p(3)4 3Q˜4,τ1+τ2,0
]
W13W31W14W31
Q(τ1+τ2+2,τ1+τ2+2,−τ1+τ2,τ1−τ2+6)3 (s )
=
12	
( τ
2
)2
	
(
d − τ + 2
2
)2
(d − τ + τ1 + τ2 + 4)
	
(
d
2
+ 3
)
(τ − τ1 − τ2)
Zτ . (5.87)
Finally the coeﬃcient of 1Q˜2,τ1+τ2,0 can be extracted from the tensor structure proportional to W213W231, which gives:
p(1)2 =
1
4
∫ i∞
−i∞
ds
4π i
ρ{τi }(s , τ1 + τ2)
[
C1 − p(2)3 2Q˜3,τ1+τ2,0(s |Wij )− p(3)4 3Q˜4,τ1+τ2,0(s |Wij )
]
(W13W31)2
Q(τ1+τ2,τ1+τ2,−τ1+τ2,τ1−τ2+8)2 (s )
= (d − τ + τ1 + τ2 + 2)(d − τ + τ1 + τ2 + 4)
2(τ − τ1 − τ2)(τ − τ1 − τ2 − 2)
	
( τ
2
)2
	
(
d − τ
2
)2
2	
(
d
2
+ 2
) Zτ , (5.88)
from which we obtain the anomalous dimensions:
δγ
[T]
(2,0) =
(d − τ + τ1 + τ2 + 2)(d − τ + τ1 + τ2 + 4)
2(τ − τ1 − τ2)(τ − τ1 − τ2 − 2)
2	(τ )	
(
d − τ + τ1 − τ2
2
)
	
(
d − τ − τ1 + τ2
2
)
	
(
d
2
+ 1
)
	
(
d
2
− τ
)
	
(
τ + τ1 − τ2
2
)
	
(
τ − τ1 + τ2
2
) cTTOcO. (5.89)
The above with τ1 = d − 2 and τ2 =  gives the anomalous dimensions in the case of double-trace operator built from the stress
tensor and a scalar operator of scaling dimension. We plot the result in d = 3 for various values of in Figure 10 starting at = 12 .
The extension of the result (5.89) from l = 2 to arbitrary l can be straightforwardly obtained by following exactly the same steps as
above using (D.6) and (D.7) but keeping all contributions from the polynomials iQ˜l ,τ1+τ2,0 inside a certain triangle in Figure 9 when
67 Note that the tensor structure which we have not written explicitly in (5.79c) indeed are not needed for this analysis. The consistency of the
decomposition of such tensor structures follows by conformal invariance and does not impose new consistency conditions.
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Figure 10. Plot of δγ [T ](2,0) (vertical axis) against τ for τ1 = d − 2 and various increasing values of τ2. The dimension is set to d = 3, 4 respectively.
considering the corresponding generalisation of (5.87) and (5.88) to arbitrary l . First one determines p(3)l (l ≥ 4) using (D.6a):
p(3)l =
(−1)l−4(l − 1)
(l − 3)!
∫ i∞
−i∞
ds
4π i
ρ˜{τi }(s , τ1 + τ2)C4Q(τ1+τ2+4,τ1+τ2+4,−τ1+τ2,τ1−τ2+4l−4 (s )
= 16(−1)
l (l − 1)
τ 2(τ + 2)2(l − 3)! Zτ I
τ1+τ2+4,τ1+τ2+4,τ2−τ1,τ1−τ2+4
τ1+τ2+4,τ1+τ2+4,d−τ−τ1−τ2,τ−τ1−τ2 (l − 4), (5.90)
where in this case the sum in (D.6a) reduces to a single term. We can now extract p(2)l as (l ≥ 3):
p(2)l =
(−1)l−3
(l − 2)!
l (l − 1)
2(l − 2)
∫ i∞
−i∞
ds
4π i
ρ˜{τi }(s , τ1 + τ2)
[
M
(u)
2020 −
∑
l ′
p(3)l ′ 3Q˜l ′,τ1+τ2,0
]
W13W231W14
Q(τ1+τ2+2,τ1+τ2+2,−τ1+τ2,τ1−τ2+6)l−3 (s ), (5.91)
which can be evaluated using (D.6b) and (D.7) as:
p(2)l =
(−1)l−3
(l − 2)!
l (l − 1)
2(l − 2)Zτ
2∑
i=0
di I
τ1+τ2+2,τ1+τ2+2,τ2−τ1,τ1−τ2+6
τ1+τ2+2,2i+τ1+τ2+2,d−τ−τ1−τ2,τ−τ1−τ2 (l − 3)
− l
(l − 2)2 p
(3)
l Z
τ1+τ2+2,τ1+τ2+2,τ2−τ1,τ1−τ2+6
τ1+τ2+2,τ1+τ2+2,−τ1+τ2+2,τ1−τ2+6(l − 4, l − 3)︸ ︷︷ ︸
2(l−3)(l+τ1)2
(2l+τ1+τ2−3)(2l+τ1+τ2−2)
+1− l
l − 2 p
(3)
l+1, (5.92)
with
d0 = − 32(τ1 + τ2 + 2)
τ 2(τ + 2)(−τ + τ1 + τ2) , d1 =
96
τ 2(τ + 2)2 , d2 = −
32
τ 2(τ + 2)2 . (5.93)
Finally we can now compute p(1)l as:
p(1)l =
1
4
(−1)l−2
(l − 2)!
∫ i∞
−i∞
ds
4π i
ρ˜{τi }(s , τ1 + τ2)
[
M
(u)
2020 −
∑
l ′
(
p(2)l ′ 2Q˜l ′,τ1+τ2,0 + p(3)l ′ 3Q˜l ′,τ1+τ2,0
)]
W213W
2
31
Q(τ1+τ2,τ1+τ2,−τ1+τ2,τ1−τ2+8)l−2 (s ),
(5.94)
and carrying all integrals we obtain (l ≥ 2):
p(1)l =
1
4
(−1)l−2
(l − 2)!Zτ
4∑
i=0
ei I
τ1+τ2,τ1+τ2,τ2−τ1,τ1−τ2+8
τ1+τ2,2i+τ1+τ2,d−τ−τ1−τ2,τ−τ1−τ2 (l − 2)−
l − 2
2l (l − 1) p
(2)
l Z
τ1+τ2,τ1+τ2,τ2−τ1,τ1−τ2+8
τ1+τ2,τ1+τ2,−τ1+τ2+2,τ1−τ2+8(l − 3, l − 2)︸ ︷︷ ︸
2(l−2)(l+τ1+1)2
(2l+τ1+τ2−2)(2l+τ1+τ2−1)
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+ (l − 1)
2
2l (l + 1) p
(2)
l+1 −
1
4(l − 2)(l − 1) p
(3)
l Z
τ1+τ2,τ1+τ2,τ2−τ1,τ1−τ2+8
τ1+τ2,τ1+τ2,−τ1+τ2+4,τ1−τ2+8(l − 4, l − 2)︸ ︷︷ ︸
4(l−2)(l−3)(l+τ1)2(l+τ1+1)2
(2l+τ1+τ2−3)(2l+τ1+τ2−2)2(2l+τ1+τ2−1)
+ 1
4l
p(3)l+1 Z
τ1+τ2,τ1+τ2,τ2−τ1,τ1−τ2+8
τ1+τ2,τ1+τ2,−τ1+τ2+2,τ1−τ2+8(l − 3, l − 2)︸ ︷︷ ︸
4(l−2)(l+τ1+1)2
(2l+τ1+τ2−2)(2l+τ1+τ2)
− l − 1
4(l + 1) p
(3)
l+2, (5.95)
where the coeﬃcients ei are deﬁned as:
e0 = 4(τ + 4)
τ (−τ + τ1 + τ2) −
4
−τ + τ1 + τ2 + 2 +
8
τ (τ + 2) , (5.96a)
e1 = − 64(τ1 + τ2 + 2)
τ 2(τ + 2)(−τ + τ1 + τ2) , (5.96b)
e2 = 32
τ 2
(
1
−τ + τ1 + τ2 +
τ + 8
(τ + 2)2
)
, (5.96c)
e3 = − 128
τ 2(τ + 2)2 , (5.96d)
e4 = 16
τ 2(τ + 2)2 . (5.96e)
Finally, the anomalous dimensions of totally symmetric double-trace operators [T] are given by:
γ
[T]
(l ,0) =
2 p(1)l
a[T](l ,0)
, (5.97)
which extends (5.89) to any l > 2 and is a sum of fourteen 4F3 hypergeometric functions.
5.2.3. J0J0 Correlators
In this section we brieﬂy consider correlators involving generic spinning operators of the type
〈OJ (y1) (y2)OJ (y3) (y4)〉 , (5.98)
involving a spin-J operator OJ of twist τ1 and a scalar operator  of twist τ2.
The mean ﬁeld theory contribution to the correlator (5.98) is given by
AJ 0J 0 = (2W13W31)J u
τ1+τ2
2 . (5.99)
In this case the possible representations which may contribute in the s-channel for each spin l consist of: (l − j, j ) for 0 ≤ j ≤ J (see
e.g. Figure 11).
The generalisation of the non-diagonal bases (5.49) and (5.77) in this case is (see Figure 11):
q F˜ [T]l (s , t|Wij ) =
J−q∑
i=0
i∑
k=0
α
q
i,kF [J](l−i−q+k+1,i+q−1)(s , t|Wij ), (5.100)
where we ﬁx αq0,0 = 1, which is the coeﬃcient of the CPW for the exchange of the totally symmetric representation (l , 0). We can
ﬁx all other coeﬃcients above by requiring that for each q the terms not proportional to (2W13W31)J−q are cancelled. Like in the
previous examples, since we focusing on the OPE data of totally symmetric double-trace operators, the precise expressions for the
other coeﬃcients αqi,k is not important and we will not discuss it in the following.
Like for the 1-0-1-0 and 2-0-2-0 cases considered previously, only the CPWs (5.100) with q = 1 contribute to the mean ﬁeld theory
correlator (5.99) in the s-channel. To extract the mean ﬁeld theory OPE coeﬃcients of the leading twist double-trace operators [OJ]
Fortschr. Phys. 2018, 66, 1800038 C© 2018 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim.1800038 (55 of 77)
www.advancedsciencenews.com www.fp-journal.org
Figure 11. Double-trace operators contributing to the 〈O J O J 〉. The colored triangles represent the operator which mix with a given totally symmetric
operator.
we therefore only need to expand the Mellin representation of (5.99) in terms of the corresponding kinematic polynomials, which
read
1Q˜(J )l ,τ1+τ2 (s |Wij ) = [2W13W31]J A
(J )
l
(−s + τ1 − τ2
2
)
2J
Q(τ1+τ2,τ1+τ2,−τ1+τ2,τ1−τ2+4J )l−J (s ), (5.101)
with
A(J )l = (−1)l−J (l − J )!
(
N
(τ1+τ2,τ1+τ2,−τ1+τ2,τ1−τ2+4J )
l−J
)−1
. (5.102)
Following the same steps as in the previous cases we obtain the following expressions for the OPE coeﬃcients of totally symmetric
double-trace operators [OJ] of leading twist:
a[OJ ](l ,0) =
2l−J (2J + τ1)l−J (τ2)l−J
(l − J )!(l + J + τ1 + τ2 − 1)l−J , (5.103)
whose simple form is remarkable. On the other hand a little more work needs to be done in order to extract mixed-symmetry OPE
coeﬃcients, for which the explicit value of αqi,k is needed.
The above result leads to the following expression for the anomalous dimension of the l = J lowest spin double-trace totally sym-
metric operator:
δγ
[OJ ]
(J ,0) =
J !
(−2)J
(
d − τ + τ1 + τ2
2
+ J − 1
)
J(
τ1 + τ2 − τ
2
)
J
2	(τ )	
(
d − τ + τ1 − τ2
2
)
	
(
d − τ − τ1 + τ2
2
)
	
(
d
2
+ 1
)
	
(
d
2
− τ
)
	
(
τ + τ1 − τ2
2
)
	
(
τ − τ1 + τ2
2
) cOJOJOcO. (5.104)
This result can be applied, for instance, to correlators of composite operators in the O(N) model. In this case we set τi = d − 2 and
Wick contraction gives the OPE coeﬃcients[64]
cOJOJOcO =
√
π2−d−J+7	
(
d
2
+ J − 1
)
	(d + J − 3)
	
(
d − 2
2
)2
	(J + 1)	
(
d − 3
2
+ J
) . (5.105)
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Table 1. Explicit values of (5.106) in d −  dimensions for integer d .
d 2 3 4 5 6
γ
[O J ]
J
(−1) J (4 J − 2)2
N ( J − 1) J
64(−1) J
N π2(2 J + 1)
8(−1) J (2 J + 1)
N ( J + 1)2 −
512(−1) J ( J + 1)
N π2( J + 2)(2 J + 3) −
48(−1) J (2 J + 3)
N ( J + 2)( J + 3)
Putting everything together we get the remarkably simple result:
γ
[OJ ]
J =
(−1)J+1(d + 2J − 3)
(d + J − 3)(d + 2J − 2)
2d+2 sin
(
πd
2
)
	
(
d − 1
2
)
N π 3/2	
(
d − 2
2
) , (5.106)
which we evaluate in various dimension in d −  in Table 1.
In d = 1 the result is singular in  for J = 1:
γ
[OJ ]
J
∣∣∣
d=1−
= (−1)
J (32(J − 2)(J − 1)(2J − 1) log(2)− 8J (2J (2J − 5)+ 7))
N π 2
(
2J 2 − 5J + 2)2 − 16(−1)
J (J − 1)
N π 2(J − 2)(2J − 1) . (5.107)
The J = 1 case gives γ [O1]1 |d=1− = 8N π2 . In this case the spin 1 gauge boson has vanishing dimension  = 0 (see e.g. [119]).
Appendix A: Spinning the Shadow Transform
A non-trivial step in the explicit evaluation of CPWs is to determine the shadow transform of spinning 3pt conformal structures, which
enters in the integral representation (2.26) of CPWs. This is particularly relevant for CPWs with spinning external operators because,
owing to the degeneracy of 3pt conformal structures with more than one spinning operator, the shadow transform in this case is not
just a change in dimension  → d −  but also a rotation in the space of conformal structures. Evaluating the shadow transform
for such spinning 3pt conformal structures is the main goal of this appendix. In §A.1, we will also discuss the implementation of the
shadow transform from a bulk perspective.
Our approach is to ﬁrst implement the shadow transform at the level of the canonical 3pt conformal structures (2.5):
〈〈O1,l1 (y1)O2,l2 (y2)O,l (y3)〉〉(n) =
Y J1−n2−n1 Y
J2−n−n1
2 Y
s−n1−n2
3 H
n1
1 H
n2
2 H
n
3
(y212)
τ1+τ2−τ
2 (y223)
τ2+τ−τ1
2 (y231)
τ+τ1−τ2
2
, (A.1)
in terms of which 3pt conformal structures in any basis may be easily expanded. To perform the shadow transform of (A.1), it is
convenient to express the corresponding integrand in the form[120]
〈〈O1,l1 (y1)O2,l2 (y2)O˜,l (y3)〉〉(n) =
κd−,l
π d/2
∫
dd y0N (y0, yi )Hn03 Y J1−n2−n01 Y J2−n0−n12
∂
n1
h1
∂
n2
h2( J3
n1,n2
) (ζ · ζ¯ )J3 , (A.2)
where we are taking the shadow transform with respect to the operator O,l and have deﬁned the overall conformal factor
N (y0, yi ) = 1(y203)d−τ−2r
1
(y212)
τ1+τ2−τ
2 (y220)
τ2+τ−τ1
2 (y201)
τ+τ1−τ2
2
, (A.3)
and the auxiliary vectors:
ζ a = ∂az0 (Y0 + h1H1 + h2H2) , (A.4a)
ζ¯ a = ∂az0 H, (A.4b)
H = z0 · I (y0 − y3) · z3. (A.4c)
The auxiliary parameters h1 and h2 serve to keep track of the structures H1 and H2. The tensor Iμν is the inversion tensor (2.27).
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By evaluating the contraction between ζ and ζ¯ in (A.2) explicitly:
ζ · ζ¯ = −
(
y213
)
(z3 · y30)(
y201
) (
y203
)2 +
(
y223
)
(z3 · y30)(
y202
) (
y203
)2 − 2 h2
(
y213
)
(z1 · y10) (z3 · y30)(
y201
)2 (
y203
)2 + 2 h2 (z1 · y13) (z3 · y30)(
y201
) (
y203
)2 − 2 h1
(
y223
)
(z2 · y20) (z3 · y30)(
y202
)2 (
y203
)2
+ 2 h1 (z2 · y23) (z3 · y30)(
y202
) (
y203
)2 + (z3 · y31)(y201) (y203) + 2h2 (z1 · y10) (z3 · y31)(y201)2 (y203) −
(z3 · y32)(
y202
) (
y203
) + 2h1 (z2 · y20) (z3 · y32)(
y202
)2 (
y203
) , (A.5)
the conformal integral (A.2) in the shadow transform can be expressed as a series, in which each term is expressible as derivatives of
the standard scalar conformal integral:
Ir1,r2,r3α1,α2,α3 ≡ (z1 · ∂y1 )r1 (z2 · ∂y2 )r2 (z3 · ∂y3 )r3
∫
dd y0
1
(y201)α1 (y
2
02)α2 (y
2
03)α3
, α1 + α2 + α3 = d . (A.6)
Using that
I0,0,0α1,α2,α3 =
∫
dd y0
1
(y201)α1 (y
2
02)α2 (y
2
03)α3
(A.7a)
= π
d/2
(y212)
α1+α2−α3
2 (y223)
α2+α3−α1
2 (y231)
α3+α1−α2
2
, (A.7b)
the calculation then reduces to evaluating the action of the derivatives in (A.6) on the above scalar 3pt conformal structure for each
term in the series. To this end it is convenient to drop all terms proportional to zi · zj , whch gives following simple representation of
the diﬀerential operators:
z1 · ∂y1 = 2
∑
j =1
z1 · y1 j ∂y21 j , (A.8a)
z2 · ∂y2 = 2
∑
j =2
z2 · y2 j ∂y22 j , (A.8b)
z3 · ∂y3 = 2
∑
j =3
z3 · y3 j ∂y23 j . (A.8c)
In the basis (2.7), the series expansion of the conformal integral (A.2) can be re-summed into a relatively simple form. For simplicity
we ﬁrst present the case of conformal structures with n1 = n2 = n0 = 0, which gives:
S3[S0J,τ ] = αJ,τ Ŝ3[S0J,τ ], (A.9)
where S3[S0J,τ ] denotes the shadow transform of the basis element (2.7) with respect to the operator located at y3 and
Ŝ3[S0J,τ ] =
Min(J1,J2)∑
k=0
(−1)k
2k k!
×
(τ1 + J1 − 1)k(τ2 + J2 − 1)k(J1 − k + 1)k (J2 − k + 1)k
(
−d − 2τ3
2
+ J3
)
k(
−2(J1 − J3)− 2+ d + τ1 − τ2 − τ3
2
)
k
(
−2(J2 − J3)− 2+ d − τ1 + τ2 − τ3
2
)
k
(
τ1 + τ2 − τ3
2
)
k
(
J3 + τ1 + τ2 + τ3 − d2 + l − 1
)
k
× Hk3S J1−k,J2−k,J3;τ1+2k,τ2+2k,d−τ3−2J3 . (A.10)
The overall normalisation αJ is given by:
αJ,τ =
	
(
d + τ1 − τ2 − τ3
2
)
	
(
d − τ1 + τ2 − τ3
2
)
	
(
2J3 + τ1 − τ2 + τ3
2
)
	
(
2J3 − τ1 + τ2 + τ3
2
)
(
d − τ1 + τ2 − τ3
2
− J3
)
J2
(
d + τ1 − τ2 − τ3
2
− J3
)
J1(−τ1 + τ2 + τ3
2
)
J2
(
τ1 − τ2 + τ3
2
)
J1
, (A.11)
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Figure 12. CPWs from the bulk.
such that
αJ,τi ,d−τ3−2J3αJ,τ = 1. (A.12)
The result for arbitrary n0 and n1 = n2 = 0 can be obtained in a similar manner and reads:
S3[Sn0J,τ ] = αJ,τ
(
J1 − n0 + τ1 − τ2 + τ32
)
n0
(
J2 − n0 + −τ1 + τ2 + τ32
)
n0(
J1 − n0 − J3 + d + τ1 − τ2 − τ32
)
n0
(
J2 − n0 − J3 + d − τ1 + τ2 − τ32
)
n0
H
n0
3 Ŝ3[S0J1−n0,J2−n0,J3;τ1+2n0,τ2+2n0,τ3 ],
(A.13)
which also allows to explicitly check involutivity:
S3 ◦ S3[Sn0J,τ ] = Sn0J,τ . (A.14)
Given the shadow tensor structures S3[Sn0J,τ ], the αJ,τ coeﬃcient allows to deﬁne the corresponding shadow OPE coeﬃcient c˜ n0J,τ as:
cn0J,τS
n0
J,τ → c˜ n0J,τ Ŝ3
[
S
n0
J,τ
]
, (A.15a)
c˜ n0J,τ = αJ,τ
(
J1 − n0 + τ1 − τ2 + τ32
)
n0
(
J2 − n0 + −τ1 + τ2 + τ32
)
n0(
J1 − n0 − J3 + d + τ1 − τ2 − τ32
)
n0
(
J2 − n0 − J3 + d − τ1 + τ2 − τ32
)
n0
cn0J,τ , (A.15b)
where cn0J,τ is the original OPE coeﬃcient associated to the tensor structureS
n0
J,τ .
A.1. Shadow Transform Via The Bulk and Large N CFTs
It is well-known that 4pt Witten diagrams with an exchanged bi-tensorial harmonic function (τ =  − l )
(1 −  ( − d)+ l )τ,l (x1, x2; u1, u2) = 0, (A.16a)(∇1 · ∂u1)τ,l (x1, x2; u1, u2) = 0, (A.16b)(
∂u1 · ∂u1
)
τ,l (x1, x2; u1, u2) = 0, (A.16c)
correspond to individual CPWs on the boundary upon performing the bulk integration.[58,66,111,121,122] See Figure 12. This can be seen
via the split representation of harmonic functions[123]
τ,l (x1, x2; u1, u2) =
(
d
2
− τ − l
)2
π l !
∫
dd y Kτ+l ,l (x1, u1; y, ∂ˆz)Kd−τ−l ,l (x2, u2; y, z), (A.17)
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in terms of the bulk-to-boundary propagator K,l , which causes the exchange to factorise into two tree-level 3pt Witten diagrams
integrated over their common boundary point. Upon evaluating the 3pt bulk integrals, this gives the integral form (2.26) of a CPW.
That the harmonic functions are also given by a diﬀerence of bulk-to-bulk propagators  as[122]
τ,l (x1, x2; u1, u2) =
(
d
2
− τ − l
)
2π
[
τ+l ,l (x1, x2; u1, u2)− d−τ−l ,l (x1, x2; u1, u2)
]
, (A.18)
trivially conﬁrms the interpretation of the diﬀerence (5.3) of 4pt correlators as a diﬀerence of boundary conditions in the dual 4pt bulk
amplitude, and that it is given by individual CPWs in the s-, t- and u-channels.
In practice, to evaluate the CPWs via the bulk as in Figure 12 we use the ambient space formalism to compute the constituent
spinning 3pt Witten diagrams (see e.g. [58], also for notation). The main subtlety is that we need to properly account for the ambient
space uplift of the bulk harmonic functions τ,l (x1, x2; u1, u2). The above expressions are intrinsic AdS expressions and when one
considers their uplift to ambient space it is necessary to ﬁx their degree of homogeneity by multiplying the ambient space representa-
tives for the above harmonic functions by appropriate powers of X2. Restriction to the AdS manifold recovers X2 = −1. Such powers
of X2 will be crucial whenever ﬂat ambient space derivatives act on the harmonic functions at both points. The trick used in [58] was
to perform integration by parts on the cubic vertex with the eﬀect that no derivative acts on x2 in the harmonic function but only on
x1 which has the correct homogeneity degree by construction. This trick allows to conveniently evaluate the shadow transform of any
3pt conformal structure including the corresponding overall normalisation. Luckily for us, indeed, integration by parts in ambient
space is completely under control in the ambient formalism,[71,74,124,125] upon explicitly introducing a δ-function measure:∫
AdS
I =
∫
dd+1X δ
(√
−X2 − L
)
I (A.19)
with the ﬁxed degree of homogeneity of the ambient space integrand. Furthermore, it turns out convenient to introduce the notation
( = 1):∫
AdS
I =
∫
dd+1X δ
(√
−X2 − 1
)
λn I ≡
∫
dd+1X δ[n]
(√
−X2 − L
)
I, (A.20)
where δ[n] is the n-th derivative of the δ-function distribution. One can then prove that
λn = (−1)n(d + ) · · · (d +  − 2n+ 2), (A.21)
where  is the degree of homogeneity of I. In this way, given a point-splitted cubic vertex (see Equation (2.10))
V = f (Yi ,Hi )φ1 φ2 φ3 (A.22)
the integration by part operation which integrates by parts all derivatives acting on φ3 away is realised by the following operator:
V¯ = eλH3∂Y1 ∂Y¯2 f (Y1,−Y¯2,Y3,Hi ), (A.23)
where Y¯i = ∂Ui · ∂Xi−1 are the anti-cyclic contractions of derivatives. One can also deﬁne the transformation which brings back a
generic vertex function of the type:
V¯ = f (Yi , Y¯i ,Hi ), (A.24)
to the cyclic basis as:
V = e−λ
[
H1∂Y2 ∂Y¯3+H2∂Y3 ∂Y¯1+H3∂Y1 ∂Y¯2
]
f (Yi , Y¯i − Yi ,Hi )
∣∣∣
Y¯i=0
. (A.25)
Therefore, starting from a generic cubic vertex
V = f (Yi ,Hi )φ1 φ2 φ3, (A.26)
acting on a ﬁeld φ3 of twist τ3 one thus gets the following modiﬁed cubic vertex acting on the shadow ﬁeld with twist d − τ3 − 2J3:
V˜ = e (λd−τ3−2J3−λτ3 )H3∂Y1 ∂Y2 f (Y1,Y2,Y3,Hi ) (A.27)
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where the label on λτ speciﬁes the degree of homogeneity which should be used for the ﬁeld φ3 when evaluating λnτ . The above
amounts in more detail the the following steps:
 Remove derivatives from φ3 on-shell up to integrations by parts.
 Evaluate all insertion of λ using:
 = Yi∂Yi + Y¯i∂Y¯i + (τi + Ji ) (A.28)
in terms of the twists and spins of the ﬁeld φ3.
 Insert the harmonic function which amounts to eﬀectively change the twist of φ3 according to
τ3 → d − τ3 − 2J3, (A.29)
this can be done now with no problem because no ambient space derivative acts on φ3.
 Go back to the cyclic basis using now the modiﬁed degree of homogeneity and evaluate the corresponding bulk integral.
Focusing for simplicity on the case n1 = n2 = n0 = 0, upon resummation one then obtains (see §2 for notation):
Wτ1,τ2,τ3
[I0,0,0J1,J2,J3 (τi )] = B(Ji ; τi )S0J;τ , (A.30a)
Wτ1,τ2,d−τ3−2J3
[I˜0,0,0J1,J2,J3 (τi )] = B(Ji ; τi )S3[S0J,τ ], (A.30b)
where for convenience we strip oﬀ the same function B(Ji ; τi ) which encodes the OPE coeﬃcient of the CFT up to the 2pt function
normalisation 〈OJ ,τ (y1)OJ ,τ (y2)〉 = Cτ+J ,J HJ(y212)τ . All in all, applying the diﬀerential operators, implementing the integrations by parts
and evaluating the Witten diagram we get:
S3[S0J,τ ] = βs,τ
Min(J1,J2)∑
k=0
(−1)k
2k k!
×
(τ1 + J1 − 1)k(τ2 + J2 − 1)k(J1 − k + 1)k (J2 − k + 1)k
(
−d − 2τ3
2
+ J3
)
k(
−2(J1 − J3)− 2+ d + τ1 − τ2 − τ3
2
)
k
(
−2(J2 − J3)− 2+ d − τ1 + τ2 − τ3
2
)
k
(
τ1 + τ2 − τ3
2
)
k
(
J3 + τ1 + τ2 + τ3 − d2 + l − 1
)
k
× Hk3S J1−k,J2−k,J3;τ1+2k,τ2+2k,d−τ3−2J3 , (A.31)
with an overall normalisation βJ,τ given by:
βJ,τ = κd−τ3−J3,J3
π d/2(d − 2τ3 − 2J3)Cτ3+J3,J3︸ ︷︷ ︸
Nτ3 ,J3
	
(
d + τ1 − τ2 − τ3
2
)
	
(
d − τ1 + τ2 − τ3
2
)
	
(
2J3 + τ1 − τ2 + τ3
2
)
	
(
2J3 − τ1 + τ2 + τ3
2
)
× (−1)J1+J2
(
−d + 2(J1 − J3)− 2+ τ1 − τ2 − τ3
2
)
J1
(
−d + 2(J2 − J3)− 2− τ1 + τ2 − τ3
2
)
J2(
τ1 − τ2 + τ3
2
)
J1
(−τ1 + τ2 + τ3
2
)
J2
. (A.32)
As expected the coeﬃcientNτ3,J3 , combined with the deﬁnition (A.17), precisely reproduces the normalisation κd−τ3−J3,J3/π d/2 we have
in the CPW up to the normalisation 1/Cτ3+J3,J3 . The latter factor is exactly the normalisation needed to get a unit normalisation for the
two point function of the exchanged operator. The rest reproduces, as expected, the shadow conformal structure that was obtained in
the previous section by evaluating explicitly the shadow conformal integral together with the precise overall normalisation.68 We have
68 That this must be the case follows from the identity among bulk to boundary propagators:
K+,J (x; y) = −(+ − −)
∫
∂AdS
dd y¯ K− (x; y¯)K+ (y; y¯), (A.33)
where the normalisation of the limit of the boundary-to-bulk propagator reproduces the propagator of the σ -ﬁeld in large-N CFTs (see e.g. [120,126]).
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also checked the case n0 > 0 reproducing the result obtained via the conformal integral (A.13) and we have tested also the cases n1 = 0
or n2 = 0 providing a non-trivial consistency checks of the Witten diagram result in [58]. We conclude this section stressing how the
shadow transform via the bulk using the explicit form of the bulk-to-boundary map turns out to be computationally simpler then
carrying directly the conformal integral and reduces the computation of a spinning CPW to a single conformal integral associated to
the bulk harmonic function.
Appendix B: 4pt Conformal Integrals
Our approach is based on a direct evaluation of the simplest CPW conformal integral of the type:
F n,n¯τ,l (yi ) =
κd−,l
π d/2
∫
dd y0 〈〈O1,J1 (y1)O2,J2 (y2)O,l (y0)〉〉(n)〈〈O˜d−,l (y0)O3,J3 (y3)O4,J4 (y4)〉〉(n¯), (B.1)
in terms of which a CPW in any basis can be easily expanded. Recall that
〈〈O1,J1 (y1)O2,J2 (y2)O3,J3 (y3)〉〉(n) =
Y J1−n2−n1 Y
J2−n−n1
2 Y
s−n1−n2
3 H
n1
1 H
n2
2 H
n
3
(y212)
τ1+τ2−τ
2 (y223)
τ2+τ−τ1
2 (y231)
τ+τ1−τ2
2
, (B.2)
where at 4pt level one introduces the following explicit building blocks:
Y1 = z1 · y12y212
− z1 · y10
y210
, Y3 = z3 · y34y234
− z3 · y30
y230
, (B.3a)
Y2 = z2 · y20y220
− z2 · y21
y221
, Y4 = z4 · y40y240
− z4 · y43
y243
, (B.3b)
Y0 = z0 · y01y201
− z0 · y02
y202
, Y¯0 = z0 · y03y203
− z0 · y04
y204
, (B.3c)
H1 = 1y202
(
z0 · z2 + 2 z0 · y02 z2 · y20y202
)
H3 = 1y204
(
z0 · z4 + 2 z0 · y04 z4 · y40y204
)
(B.3d)
H2 = 1y201
(
z0 · z1 + 2 z0 · y01 z1 · y10y201
)
H4 = 1y203
(
z0 · z3 + 2 z0 · y03 z3 · y30y203
)
(B.3e)
H0 = 1y212
(
z1 · z2 + 2 z1 · y12 z2 · y21y212
)
H¯0 = 1y234
(
z3 · z4 + 2 z3 · y34 z4 · y43y234
)
, (B.3f )
which can be used to construct 4pt CPWs with the point y0 in common.
There are two technical steps in the evaluation of the conformal integral in (B.1) – see appendix A of [120]. The ﬁrst is to express the
general contraction of conformal structures in terms of the relevant Gegenbauer polynomial. The conformal integral is then evaluated
and expressed in Mellin form using the Symanzik star formula.[92]
For the ﬁrst step we evaluate the traceless contraction in the symmetric representation. This can be done by rewriting the CPW in
terms of auxiliary vectors  and ¯ deﬁned as
a = ∂az0 [Y0 + h1H1 + h2H2] , (B.4a)
¯a = ∂az0
[
Y¯0 + h3H3 + h4H4
]
. (B.4b)
One can then express the CPW as69
F n,n¯τ,l = N (yi , y0)Y J1−n2−n1 Y J2−n−n12 Y J3−m4−m3 Y J4−m3−m4 Hn0H¯m0
∂
n1
h1
n1!
∂
n2
h2
n2!
∂
m3
h3
m3!
∂
m4
h4
m4!
[s/2]∑
k=0
cl ,k( s
n1,n2
)( s
m3,m4
) ( · ¯)l−2k [2 ¯2]k, (B.6)
69 For concision, N (yi , y0) in (B.6) represents the prefactor
N (yi , y0) = 1(
y212
) τ1+τ2−τ
2
(
y202
) τ2+τ−τ1
2
(
y201
) τ+τ1−τ2
2
1(
y234
) τ3+τ4−(d−τ−2r )
2
(
y203
) τ3+(d−τ−2r )−τ4
2
(
y204
) (d−τ−2r )+τ4−τ3
2
. (B.5)
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where cs ,k are the Gegenbauer polynomial coeﬃcients:
cn,k =
(−4)−kn!	
(
d
2
− k + n− 1
)
k!(n− 2k)!	
(
d
2
+ n− 1
) , (B.7)
and the contractions 2, ¯2 and  · ¯ are given explicitly in §C.
Equation (B.6) can be expanded in terms of standard 4pt conformal integrals of the following type:
Ir1,r2,r3,r4α1,α2,α3,α4 = (z1 · ∂y1 )r1 (z2 · ∂y2 )r2 (z3 · ∂y3 )r3 (z4 · ∂y4 )r4 I0,0,0,0α1,α2,α3,α4 , (B.8a)
I0,0,0,0α1,α2,α3,α4 =
∫
dd y0
1
(y201)α1 (y
2
02)α2 (y
2
03)α3 (y
2
04)α4
, (B.8b)
with α1 + α2 + α3 + α4 = d . At this point it is useful to switch to Mellin space using the Symanzik star formula,[92] where the above
integrals for ri = 0 have a simple representation:
I0,0,0,0α1,α2,α3,α4 =
1(
y212
) 1
2 (α1+α2) (y234) 12 (α3+α4)
(
y224
y214
) α1−α2
2
(
y214
y213
) α3−α4
2
π d/2
∫
ds dt
(4π i )2
ρ{αi } (s , t) u
t/2v−(s+t)/2, (B.9)
with Mellin measure
ρ{αi } (s , t) = 	
(−t + τ1 + τ2
2
)
	
(−t + τ3 + τ4
2
)
	
(
s + t
2
)
	
(−s − τ1 + τ2
2
)
	
(−s + τ3 − τ4
2
)
	
(
s + t + τ1 − τ2 − τ3 + τ4
2
)
.
(B.10)
TheMellin representation of the integrals (B.8a) with ri > 0 is obtained from the result (B.9) for ri = 0with the diﬀerential operators
as in (B.8a). For simplicity one can set to zero zi · zj with the full result reconstructable at the end via conformal symmetry. Setting
zi · zj = 0 is moreover preserved by diﬀerentiation with respect to yi and gives a simple expression for the action of the diﬀerential
operators zi · ∂yi :
z1 · ∂y1 = 2
∑
j =1
z1 · y1 j ∂y21 j + 2
(
z1 · y12
y212
− z1 · y13
y213
)
u∂u + 2
(
z1 · y14
y214
− z1 · y13
y213
)
v∂v (B.11a)
z2 · ∂y2 = 2
∑
j =2
z2 · y2 j ∂y22 j + 2
(
z2 · y21
y212
− z2 · y24
y224
)
u∂u + 2
(
z2 · y23
y223
− z2 · y24
y224
)
v∂v (B.11b)
z3 · ∂y3 = 2
∑
j =3
z3 · y3 j ∂y23 j + 2
(
z3 · y34
y234
− z3 · y31
y231
)
u∂u + 2
(
z3 · y32
y223
− z3 · y31
y213
)
v∂v (B.11c)
z4 · ∂y4 = 2
∑
j =4
z4 · y4 j ∂y24 j + 2
(
z4 · y43
y234
− z4 · y42
y224
)
u∂u + 2
(
z4 · y41
y214
− z4 · y42
y224
)
v∂v (B.11d)
Given a spinning CPW in any basis, with the above formalism one can extract the corresponding Mack polynomial.
Appendix C: Contractions
The contractions among the  and ¯ deﬁned in (B.4) are given explicitly by
 · ¯ = −
(
y213
)
2
(
y201
) (
y203
) + (y214)
2
(
y201
) (
y204
) + (y223)
2
(
y202
) (
y203
) − (y224)
2
(
y202
) (
y204
) − h2 (y213) (z1 · y10)(
y201
)2 (
y203
) + h2 (y214) (z1 · y10)(
y201
)2 (
y204
) + h2 (z1 · y13)(
y201
) (
y203
)
− h2 (z1 · y14)(
y201
) (
y204
) − h1 (y223) (z2 · y20)(
y202
)2 (
y203
) + h1 (y224) (z2 · y20)(
y202
)2 (
y204
) + h1 (z2 · y23)(
y202
) (
y203
) − h1 (z2 · y24)(
y202
) (
y204
) − h4 (y213) (z3 · y30)(
y201
) (
y203
)2 + h4
(
y223
)
(z3 · y30)(
y202
) (
y203
)2
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− 2h2h4
(
y213
)
(z1 · y10) (z3 · y30)(
y201
)2 (
y203
)2 + 2h2h4(z1 · y13)(z3 · y30)(
y201
) (
y203
)2 − 2h1h4
(
y223
)
(z2 · y20)(z3 · y30)(
y202
)2 (
y203
)2 + 2h1h4 (z2 · y23) (z3 · y30)(
y202
) (
y203
)2
+ h4 (z3 · y31)(
y201
) (
y203
) + 2h2h4 (z1 · y10) (z3 · y31)(
y201
)2 (
y203
) − h4 (z3 · y32)(
y202
) (
y203
) + 2h1h4 (z2 · y20) (z3 · y32)(
y202
)2 (
y203
) − h3 (y214) (z4 · y40)(
y201
) (
y204
)2
+ h3
(
y224
)
(z4 · y40)(
y202
) (
y204
)2 − 2h2h3
(
y214
)
(z1 · y10) (z4 · y40)(
y201
)2 (
y204
)2 + 2h2h3(z1 · y14)(z4 · y40)(
y201
) (
y204
)2 − 2h1h3
(
y224
)
(z2 · y20)(z4 · y40)(
y202
)2 (
y204
)2
+ 2h1h3 (z2 · y24) (z4 · y40)(
y202
) (
y204
)2 + h3 (z4 · y41)(y201) (y204) + 2h2h3 (z1 · y10) (z4 · y41)(y201)2 (y204) −
h3 (z4 · y42)(
y202
) (
y204
) + 2h1h3 (z2 · y20) (z4 · y42)(
y202
)2 (
y204
) (C.1a)
 ·  =
(
y212
)(
y201
) (
y202
) + 2h2 (y212) (z1 · y10)(
y201
)2 (
y202
) − 2h2 (z1 · y12)(
y201
) (
y202
) − 2h1 (y212) (z2 · y20)(
y201
) (
y202
)2 − 4h1h2
(
y212
)
(z1 · y10) (z2 · y20)(
y201
)2 (
y202
)2
+ 4h1h2 (z1 · y12) (z2 · y20)(
y201
) (
y202
)2 + 2h1 (z2 · y21)(y201) (y202) + 4h1h2 (z1 · y10) (z2 · y21)(y201)2 (y202) (C.1b)
¯ · ¯ =
(
y234
)(
y203
) (
y204
) + 2h4 (y234) (z3 · y30)(
y203
)2 (
y204
) − 2h4 (z3 · y34)(
y203
) (
y204
) − 2h3 (y234) (z4 · y40)(
y203
) (
y204
)2 − 4h3h4
(
y234
)
(z3 · y30) (z4 · y40)(
y203
)2 (
y204
)2
+ 4h3h4 (z3 · y34) (z4 · y40)(
y203
) (
y204
)2 + 2h3 (z4 · y43)(y203) (y204) + 4h3h4 (z3 · y30) (z4 · y43)(y203)2 (y204) , (C.1c)
where for simplicity we set to zero without loss of generality all structures involving zi · zj .70
Appendix D: Continuous Hahn Polynomials
In this appendix we review various properties of continuous Hahn polynomials which are relevant for this work.
Continuous Hahn polynomials[63] Q(a,b,c,d)l (s ) are orthogonal with respect to the Mellin-Barnes bilinear product:
〈
f (s )g (s )
〉
a,b,c,d =
∫ i∞
−i∞
ds
4π i
	
(
s + a
2
)
	
(
s + b
2
)
	
(
c − s
2
)
	
(
d − s
2
)
f (s ) g (s ), (D.1)
with normalisation
〈
Q(a,b,c,d)l (s )Q
(a,b,c,d)
n (s )
〉
= δl ,n
(−1)n4nn!	
(
a + c
2
+ n
)
	
(
a + d
2
+ n
)
	
(
b + c
2
+ n
)
	
(
b + d
2
+ n
)
(
a + b + c + d
2
+ n− 1
)
n
	
(
a + b + c + d
2
+ 2n
)
︸ ︷︷ ︸
N
(a,b,c,d)
n
. (D.2)
They can be expressed explicitly in terms of a hypergeometric function 3F2 in two equivalent forms:
Q(a,b,c,d)l (s ) =
(−2)l
(
a + c
2
)
l
(
a + d
2
)
l(
a + b + c + d
2
+ l − 1
)
l
3F2
⎛⎜⎜⎝−l ,
a + b + c + d
2
+ l − 1, a + s
2
a + c
2
,
a + d
2
; 1
⎞⎟⎟⎠ , (D.3a)
Q(a,b,c,d)l (s ) =
2l
(
a + d
2
)
l
(
b + d
2
)
l(
a + b + c + d
2
+ l − 1
)
l
3F2
⎛⎜⎜⎝−l ,
a + b + c + d
2
+ l − 1, d − s
2
a + d
2
,
b + d
2
; 1
⎞⎟⎟⎠ , (D.3b)
70 Note that we cannot drop all zi · zj before evaluating the contractions  · ¯. We ﬁrst compute the scalar contraction and then drop zi · zj .
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with unit normalisation for s l monomial Q(a,b,c,d)l (s ) ∼ s l + · · · . The two representations above admit the following series expansion
in terms of (−s+d2 )n and (
s+a
2 )n:
Q(a,b,c,d)l (s ) =
∑
n
2l (−1)n( ln) (a + d2 + n
)
l−n
(
b + d
2
+ n
)
l−n(
a + b + c + d
2
+ l + n− 1
)
l−n
(−s + d
2
)
n
, (D.4a)
Q(a,b,c,d)l (s ) =
∑
n
(−2)l (−1)n( ln) (a + c2 + n
)
l−n
(
a + d
2
+ n
)
l−n(
a + b + c + d
2
+ l + n− 1
)
l−n
(
s + a
2
)
n
. (D.4b)
The ﬁrst expansion (D.4a) above is useful when dealing with t-channel CPWs expanded in the s-channel. The second expansion (D.4b)
is instead useful when studying the u-channel CPWs.
The following integral identities play a central role in the present work. Deﬁning
Iβ1,β2,β3,β4α1,α2,α3,α4 (l ) ≡
∫ +i∞
−i∞
ds
4π i
	
(
s + α1
2
)
	
(
s + α2
2
)
	
(−s + α3
2
)
	
(−s + α4
2
)
Q(β1,β2,β3,β4)l (s ), (D.5)
we obtain the following two equivalent expressions:
Iβ1,β2,β3,β4α1,α2,α3,α4 (l ) = 2l
	
(
α1 + α3
2
)
	
(
α1 + α4
2
)
	
(
α2 + α3
2
)
	
(
α2 + α4
2
)
	
(
α1 + α2 + α3 + α4
2
) l∑
p=0
(
l
p
)(
−p + α4 − β4
2
+ 1
)
p
×
(
p + β1 + β4
2
)
l−p
(
p + β2 + β4
2
)
l−p(
p + 2l + β1 + β2 + β3 + β4 − 2
2
)
l−p
4F3
⎛⎜⎜⎝ p − l ,
α1 + α4
2
,
α2 + α4
2
,
β1 + β2 + β3 + β4
2
+ l + p − 1
α1 + α2 + α3 + α4
2
,
β1 + β4
2
+ p, β2 + β4
2
+ p
; 1
⎞⎟⎟⎠ (D.6a)
Iβ1,β2,β3,β4α1,α2,α3,α4 (l ) = (−2)l
	
(
α1 + α3
2
)
	
(
α1 + α4
2
)
	
(
α2 + α3
2
)
	
(
α2 + α4
2
)
	
(
α1 + α2 + α3 + α4
2
) l∑
p=0
(
l
p
)(
−p + α1 − β1
2
+ 1
)
p
×
(
p + β1 + β3
2
)
l−p
(
p + β1 + β4
2
)
l−p(
p + 2l + β1 + β2 + β3 + β4 − 2
2
)
l−p
4F3
⎛⎜⎜⎝ p − l ,
α1 + α4
2
,
α2 + α4
2
,
β1 + β2 + β3 + β4
2
+ l + p − 1
α1 + α2 + α3 + α4
2
,
β1 + β3
2
+ p, β1 + β4
2
+ p
; 1
⎞⎟⎟⎠ . (D.6b)
The ﬁrst of these sums truncates for some p < l to a ﬁnite sum when considering t-channel CPWs, for in that case α4−β42 is a non-
negative integer. The second truncates for some p < l to a ﬁnite sum when considering u-channel CPWs, for which α1−β12 is a non-
negative integer. These two relations are obtained using the two representations (D.4a) and (D.4b) introduced for the continuous
Hahn polynomials and play a ubiquitous role in the evaluation of crossing kernels.
The above integral identities also allow to recover further useful identities for the overlap of two continuous Hahn polynomials
with diﬀerent arguments and spin:
Zβ1,β2,β3,β4α1,α2,α3,α4 (l , l
′) ≡
(
N
(α1,α2,α3,α4)
l ′
)−1 ∫ i∞
−i∞
ds
4π i
	
(
s + α1
2
)
	
(
s + α2
2
)
	
(−s + α3
2
)
	
(−s + α4
2
)
Q(α1,α2,α3,α4)l ′ (s ) Q
(β1,β2,β3,β4)
l (s ),
(D.7)
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Zβ1,β2,β3,β4α1,α2,α3,α4 (l , l
′) = (−1)
l ′2l−l
′
l ′!
l∑
p=0
l ′∑
f =0
(−1) f
(
l ′
f
)(
l
p
)(
α4 − β4
2
+ f − p + 1
)
p
(
p + β1 + β4
2
)
l−p
(
p + β2 + β4
2
)
l−p(
α1 + α3
2
)
l ′
(
α2 + α3
2
)
l ′
×
(
2l ′ + α1 + α2 + α3 + α4 − 2
2
)
l ′+1
(
2 f + α1 + α2 + α3 + α4
2
)
l ′−1(
2l + 2p + β1 + β2 + β3 + β4 − 2
2
)
l−p
× 4F3
⎛⎜⎜⎝p− l ,
α1 + α4
2
+ f, α2 + α4
2
+ f, β1 + β2 + β3 + β4
2
+ l + p− 1
α1 + α2 + α3 + α4
2
+ f, β1 + β4
2
+ p, β2 + β4
2
+ p
; 1
⎞⎟⎟⎠ , (D.8)
which implies the following decomposition:
Q(β1,β2,β3,β4)l (s ) = Q(α1,α2,α3,α4)l ′ (s )+
l−1∑
l ′=0
Zβ1,β2,β3,β4α1,α2,α3,α4 (l , l
′) Q(α1,α2,α3,α4)l ′ (s ). (D.9)
Note that for particular integer values of α4−β42 the sum over p and f truncates independently of l or l
′. Further simpliﬁcations also
appear when αi − βi = 2ni with ni an integer, in which case the Hypergeometric functions simplify via Gauss-type identities. A
particularly simple case which we employ in §5.2.2 is when only one among αi and βi is diﬀerent. There are four such cases which
give the following simple results:
Zα1,α2,α3,β4α1,α2,α3,α4 (l , i ) =
(−2)l−i
(
l
i
)(
i + α1 + α3
2
)
l−i
(
i + α2 + α3
2
)
l−i
(
i + β4 − α4
2
)
l−i(
α1 + α2 + α3 + α4
2
+ 2i
)
l−i
(
α1 + α2 + α3 + β4
2
+ i + l − 1
)
l−i
, (D.10a)
Zα1,α2,β3,α4α1,α2,α3,α4 (l , i ) =
(−2)l−i
(
l
i
)(
i + α1 + α4
2
)
l−i
(
i + α2 + α4
2
)
l−i
(
i + β3 − α3
2
)
l−i(
α1 + α2 + α3 + α4
2
+ 2i
)
l−i
(
α1 + α2 + β3 + α4
2
+ i + l − 1
)
l−i
, (D.10b)
Zα1,β2,α3,α4α1,α2,α3,α4 (l , i ) =
2l−i
(
l
i
)(
i + α1 + α3
2
)
l−i
(
i + α1 + α4
2
)
l−i
(
i + β2 − α2
2
)
l−i(
α1 + α2 + α3 + α4
2
+ 2i
)
l−i
(
α1 + β2 + α3 + α4
2
+ i + l − 1
)
l−i
, (D.10c)
Zβ1,α2,α3,α4α1,α2,α3,α4 (l , i ) =
2l−i
(
l
i
)(
i + α2 + α3
2
)
l−i
(
i + α2 + α4
2
)
l−i
(
i + β1 − α1
2
)
l−i(
α1 + α2 + α3 + α4
2
+ 2i
)
l−i
(
β1 + α2 + α3 + α4
2
+ i + l − 1
)
l−i
, (D.10d)
Applying the above relation in §5.2.1 and §5.2.2 we can prove that the overlap between diﬀerent tensor structures in the CPWs arises
within the triangles in Figures 7, 9 and 11.
Appendix E: Crossing Kernel Details
In this appendix we give some details about the evaluation of the Mellin-Barnes integrals in §4 for the crossing kernels. This type of
computation was ﬁrst made in [33], in which the result was expressed as a series. In the following we revisit this computation, where
we are able to express the general result in terms of hypergeometric functions 4F3.
There are two types of integrals which need to be evaluated. The ﬁrst corresponds to the t- to the s-channel crossing kernels and
the second to the u- to the s-channel crossing kernels.
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From the t- to the s-channel. In this case, the seed integral71 we need to evaluate is the following Mellin-Barnes integral at ﬁxed t :
J
(t)
J ,l =
(−1)l
l !
∫
ds
4π i
	
(−s − τ1 + τ2
2
)
	
(−s + τ3 − τ4
2
)
	
(
s + t + τ − τ2 − τ3
2
)
	
(
d − 2r + s + t − τ − τ2 − τ3
2
)
× C˜(t)J ,τ P (t)J ,τ (s , t|τi ) Q(t,t+τ1−τ2−τ3+τ4,−τ1+τ2,τ3−τ4l ,t (s ), (E.1)
with
C˜(t)J ,τ =
2−2r (J + τ − 1)J	(2J + τ )
	
(
d − 2(J + τ )
2
)
	
(
2J + τ + τ1 − τ4
2
)
	
(
2J + τ − τ1 + τ4
2
)
	
(
2J + τ + τ2 − τ3
2
)
	
(
2J + τ − τ2 + τ3
2
) . (E.2)
This integral can be reduced to ﬁnite sums of standard hypergeometric Mellin-Barnes integrals using the deﬁnitions of Mack and
Continuous Hahn polynomials. For the t-channel crossing kernel, we use the following expansion for the continuous Hahn polyno-
mials:
Q(t,t+τ1−τ2−τ3+τ4,−τ1+τ2,τ3−τ4l ,t (s ) =
∞∑
q=0
2l
(
t + τ1 − τ2
2
)
l
(
t + τ3 − τ4
2
)
l
(l + t − 1)l
(−1)q ( lq)(l + t − 1)q(
t + τ1 − τ2
2
)
q
(
t + τ3 − τ4
2
)
q︸ ︷︷ ︸
d (1)t,l (q )
(−s + τ3 − τ4
2
)
q
, (E.3)
while we focus on the factors in the Mack polynomial which are proportional to s . Combining everything we obtain the following
expression:
J
(t)
J ,l =
(−1)l
l !
C˜(t)J ,τ
[J /2]∑
k=0
∑
∑
i ri=J−2k
b(t)t,τ (ri |k)
∞∑
q=0
d (1)t,l (q )
∫
ds
4π i
ρ
(t)
M (ri |k)
(−s + τ3 − τ4
2
)
q︸ ︷︷ ︸
I(t)ri |k,q
, (E.4)
where we have also deﬁned the Mellin-Barnes measure:
ρ
(t)
M (ri |k) = 	
(−s − τ1 + τ2 + 2r3
2
)
	
(−s + τ3 − τ4 + 2r2
2
)
	
(
s + t + τ − τ2 − τ3 + 2k
2
)
	
(
d − 2r + s + t − τ − τ2 − τ3 + 2k
2
)
,
(E.5)
and the coeﬃcient:
b(t)t,τ (ri |k) = c J ,k
(
τ + τ1 − τ4
2
)
J
(
τ − τ1 + τ4
2
)
J
(J + τ − 1)J (d − J − τ − 1)J
(−1)r1+r4 (r1, r2, r3, r4)!
2r1+r2+r3+r4
×
(−t + τ3 + τ4
2
)
r1
(−t + τ1 + τ2
2
)
r4
(−d + τ − τ2 + τ3 + 2
2
)
k+r1+r2
(−d + τ + τ2 − τ3 + 2
2
)
k+r3+r4(
τ − τ1 + τ4
2
)
k+r1+r3
(
τ + τ1 − τ4
2
)
k+r2+r4
. (E.6)
We can now evaluate the Mellin-Barnes integral explicitly using a generating function trick.[33] Indeed a generating function for
Pochhammer symbols is simply:
(1− z) s−τ3+τ42 =
∞∑
q=0
1
q !
(
s − τ3 + τ4
2
)q zq . (E.7)
71 In this context seed integral refers to the basic integral which all others reduce to.
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Using the latter generating function and after simple change of variables we arrive to:
I (t)ri |k,q = ∂qz
∫ i∞
−i∞
ds
4π i
ρ
(t)
M (ri |k)(1− z)
s−τ3+τ4
2
∣∣∣
z=0
= ∂qz
⎡⎣(1− z)r2 ∫ i∞
−i∞
ds
4π i
ρ˜
(t)
M (ri |k)(1− z)
−
s
2
⎤⎦
z=0
, (E.8)
with a new Mellin-Barnes Measure given by:
ρ˜
(t)
M (ri |k) = 	
( s
2
)
	
(
2k + 2r2 − s + t + τ − τ2 − τ4
2
)
	
(−2r2 + 2r3 + s − τ1 + τ2 − τ3 + τ4
2
)
× 	
(
d − 2J + 2k + 2r2 − s + t − τ − τ2 − τ4
2
)
. (E.9)
Rewriting the binomial as (1− z)r2 = ∑r2p=0 (r2p) (−z)p and using the identity:
2F1(a, b; c ; z) =
	
( c
2
)
	
(a
2
)
	
(
b
2
)
	
(
c − a
2
)
	
(
c − b
2
) ∫ i∞
−i∞
ds
4π i
	
( s
2
)
	
(
c − a − b + s
2
)
	
(
a − s
2
)
	
(
b − s
2
)
(1− z)− s2 , (E.10)
after evaluating the derivatives with respect to z, we then arrive to
I (t)ri |k,q =
r2∑
p=0
I (t)ri |k,q ,p, (E.11)
with
I (t)ri |k,q ,p = (−1)p p!
(
r2
p
)(
q
p
) 	 (k + r3 + a132 )	 (k + r2 + q − p + a242 ) 	
(
k + r3 + b132
)
	
(
k + r2 + q − p + b242
)
	
(
2k + (q − p)+ r2 + r3 + c2
) . (E.12)
where
a13 = t + τ − τ1 − τ3, (E.13a)
a24 = t + τ − τ2 − τ4, (E.13b)
b13 = t + d − τ − 2J − τ1 − τ3, (E.13c)
b24 = t + d − τ − 2J − τ2 − τ4, (E.13d)
c = d − 2J + 2t − τ1 − τ2 − τ3 − τ4. (E.13e)
The above result allows to explicitly perform the inﬁnite sum over q in (E.4) replacing it with a ﬁnite sum in p independent from l ,
as
J (t)(ri |k, p) ≡
∞∑
q=0
d (1)t,l (q )I
(t)
ri |k,q ,p =
(−2)l p!( lp)(r2p)(l + t − 1)p ( t + τ1 − τ22
)
l
(
t + τ3 − τ4
2
)
l
l !(l + t − 1)l
(
t + τ1 − τ2
2
)
p
(
t + τ3 − τ4
2
)
p
γ
(t)
ri |p
× 4F3
⎛⎜⎜⎝−l + p, l + p + t − 1, k + r2 +
b24
2
, k + r3 + a242
2p + t + τ1 − τ2
2
,
2p + t + τ3 − τ4
2
, 2k + r2 + r3 + c2
; 1
⎞⎟⎟⎠, (E.14)
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with
γ
(t)
ri |p =
	
(
k + r2 + a242
)
	
(
k + r3 + a132
)
	
(
k + r2 + b242
)
	
(
k + r3 + b132
)
	
(
2k + r2 + r3 + c2
) , (E.15)
reducing the full crossing kernel to a ﬁnite sum of hypergeometric functions 4F3:
J
(t)
J ,l = C˜(t)J ,τ
[J /2]∑
k=0
∑
∑
i ri=J−2k
r2∑
p=0
c (t)t,τ (ri |k, p)γ (t)ri |p4F3
⎛⎜⎜⎝ −l + p, l + p + t − 1, k + r2 +
b24
2
, k + r3 + a242
p + t + τ1 − τ2
2
, p + t + τ3 − τ4
2
, 2k + r2 + r3 + c2
; 1
⎞⎟⎟⎠, (E.16)
with an overall coeﬃcient weighting the sum given by
c (t)t,τ (ri |k, p) =
(−2)l p!( lp)(r2p)(l + t − 1)p ( t + τ1 − τ22
)
l
(
t + τ3 − τ4
2
)
l
l !(l + t − 1)l
(
t + τ1 − τ2
2
)
p
(
t + τ3 − τ4
2
)
p
b(t)t,τ (ri |k). (E.17)
At this stage it is easy to notice that the sum over r1 factorises with respect to the hypergeometric function. Solving the constraint
r1 + r2 + r3 + r4 = J − 2k as:
r3 = J − 2k − r2 − j, r4 = j − r1, (E.18)
we can resum the r1 dependent terms as:
J−2k∑
r1=0
(
J − 2k
r1, r2, j − r1
)(−t + τ3 + τ4
2
)
r1
(−t + τ1 + τ2
2
)
j−r1
(
τ − τ2 + τ3 + 2− d
2
)
k+r1+r2
(
τ + τ2 − τ3 + 2− d
2
)
J−k−r1−r2(
τ + τ1 − τ4
2
)
j+k−r1+r2
(
τ − τ1 + τ4
2
)
− j+J−k+r1−r2
=
(
J − 2k
r2, j
)(−t + τ1 + τ2
2
)
j
(
τ − τ2 + τ3 + 2− d
2
)
k+r2
(
τ + τ2 − τ3 + 2− d
2
)
J−k−r2(
τ + τ1 − τ4
2
)
j+k+r2
(
τ − τ1 + τ4
2
)
J− j−k−r2
× 4F3
⎛⎜⎜⎝ − j,−
d
2
+ k + r2 + τ − τ2 + τ32 + 1,− j − k − r2 −
τ + τ1 − τ4
2
+ 1,− t − τ3 − τ4
2
− j + t − τ1 − τ2
2
+ 1, d − τ − τ2 + τ3
2
− J + k + r2, J − j − k − r2 + τ − τ1 + τ42
; 1
⎞⎟⎟⎠. (E.19)
Now the summation over r2 and j can be extended up to J owing to the vanishing of the overall coeﬃcients for the additional values
of r2 and j . This implies that we can perform also the sum over k explicitly. After redeﬁning r2 = i + p − k the sum over i and j run
from 0 to J − p and the sum over k gives:
[J /2]∑
k=0
(
J − 2k
j, p + i − k
) (−1)k(i−k+pp )	 (d2 + J − k − 1
)
k!(J − 2k)! =
(
J
i, p
)(i+p
p
)
J !
	
(
d + 2J − 2
2
)
2F1
(
−i, i + j − J + p; 2− d
2
− J ; 1
)
︸ ︷︷ ︸
( d2 + j+p−1)i
( d2 +J−i−1)i
.
(E.20)
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To summarise we arrive to the following general expression:
J
(t)
J ,l (t) = ZJ ,l (t)
J∑
p=0
d (J ,l )p
J−p∑
i, j=0
a(J ,l |p)i, j
×4F3
⎛⎜⎜⎝ − j, p + i +
τ − d − τ2 + τ3
2
+ 1, 1− i − j − p − τ + τ1 − τ4
2
,− t − τ3 − τ4
2
1− j + t − τ1 − τ2
2
, p + i − J + d − τ − τ2 + τ3
2
, J − i − j − p + τ − τ1 + τ4
2
; 1
⎞⎟⎟⎠
×4F3
⎛⎜⎜⎝−l + p, l + p + t − 1, p + i − J +
t − τ2 − τ4
2
+ d − τ
2
, p + i + t + τ − τ2 − τ4
2
p + t + τ1 − τ2
2
, p + t + τ3 − τ4
2
,
d − τ1 − τ2 − τ3 − τ4
2
− j + t
; 1
⎞⎟⎟⎠ ,
(E.21)
with
J
(t)
0,0(t) =
	(τ )
	
(
d − 2τ
2
)
	
(
τ + τ1 − τ4
2
)
	
(
τ − τ1 + τ4
2
)
	
(
τ + τ2 − τ3
2
)
	
(
τ − τ2 + τ3
2
)
×
	
(
t + τ − τ1 − τ3
2
)
	
(
t + τ − τ2 − τ4
2
)
	
(
d + t − τ − τ1 − τ3
2
)
	
(
d + t − τ − τ2 − τ4
2
)
	
(
d + 2t − τ1 − τ2 − τ3 − τ4
2
) , (E.22a)
ZJ ,l (t) =
(−1)l 2l−J (τ )2J
(
d − 2(J + τ )
2
)
J
(
t + τ1 − τ2
2
)
l
(
t + τ3 − τ4
2
)
l
l ! (l + t − 1)l (d − J − τ − 1)J
(
τ + τ2 − τ3
2
)
J
(
τ − τ2 + τ3
2
)
J
J
(t)
0,0(t), (E.22b)
d (J ,l )p (t) =
p!
( l
p
)
(l + t − 1)p(
t + τ1 − τ2
2
)
p
(
t + τ3 − τ4
2
)
p
, (E.22c)
a(J ,l |p)i, j (t) = (−1) j
(
i + p
p
)(
J
j, i + p
)( τ − τ2 + τ3 + 2− d
2
)
i+p
(
τ + τ2 − τ3 + 2− d
2
)
J−p−i(
τ + τ1 − τ4
2
)
i+ j+p
(
τ − τ1 + τ4
2
)
J−p−i− j
×
(
t + τ − τ2 − τ4
2
)
i+p
(
t + τ − τ1 − τ3
2
)
J−p−i− j(
d − 2(p + i + j )+ t − τ − τ1 − τ3
2
)
i+ j+p
(
d + t − τ − τ2 − τ4
2
+ p + i − J
)
J−p−i
×
(−t + τ1 + τ2
2
)
j
(
d − 2 j + 2t − τ1 − τ2 − τ3 − τ4
2
)
j
(
d
2
+ j + p − 1
)
i(
d
2
+ J − i − 1
)
i
. (E.22d)
From the u- to the s-channel. In this case, the seed integral we need to evaluate is the following Mellin-Barnes integral at ﬁxed t:
J
(u)
J ,l =
(−1)l
2l !
∫
ds
4π i
	
(−s − τ1 + τ2
2
)
	
(−s + τ3 − τ4
2
)
	
(
s + t + τ − τ2 − τ3
2
)
	
(
d − 2r + s + t − τ − τ2 − τ3
2
)
× C˜(u)J ,l P (u)J ,τ (s , t|τi ) Q(t,t+τ1−τ2−τ3+τ4,−τ1+τ2,τ3−τ4l ,t (s ), (E.23)
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with
C˜(u)J ,l =
21−2J (J + τ − 1)J	(2J + τ )
	
(
d − 2(r + τ )
2
)
	
(
2J + τ + τ1 − τ3
2
)
	
(
2J + τ − τ1 + τ3
2
)
	
(
2J + τ + τ2 − τ4
2
)
	
(
2J + τ − τ2 + τ4
2
) (E.24)
This integral can be reduced as before to ﬁnite sums of standard hypergeometricMellin-Barnes integrals using the deﬁnitions ofMack
and Continuous Hahn polynomials. In this case it is convenient to use a diﬀerent expansion of the continuous Hahn polynomials:
Q(t,t+τ1−τ2−τ3+τ4,−τ1+τ2,τ3−τ4l ,t (s ) =
∞∑
q=0
(−2)l
(
t − τ1 + τ2
2
)
l
(
t + τ3 − τ4
2
)
l
(l + t − 1)l
(−l )q (l + t − 1)q(
t − τ1 + τ2
2
)
q
(
t + τ3 − τ4
2
)
q︸ ︷︷ ︸
d (2)t,l (q )
(
s + t
2
)
q
, (E.25)
while we focus on the factors in the Mack polynomial which are proportional to s . Combining everything we obtain the following
expression:
J
(u)
J ,l =
(−1)l
2l !
C˜(u)J ,l
[J /2]∑
k=0
∑
∑
i ri=J−2k
b(u)t,τ (ri |k)
∞∑
q=0
d (2)t,l (q )
∫
ds
4π i
ρ
(u)
M (ri |k)
(
s + t
2
)
q︸ ︷︷ ︸
I(u)ri |k,q
, (E.26)
where now:
ρ
(u)
M (ri |k) = 	
(
2r1 + s + t
2
)
	
(
2k − s + τ − τ1 − τ4
2
)
	
(
d − 2J + 2k − s − τ − τ1 − τ4
2
)
	
(
2r4 + s + t + τ1 − τ2 − τ3 + τ4
2
)
,
(E.27)
and
b(u)t,τ (ri |k) = c J ,k
(
τ + τ1 − τ3
2
)
J
(
τ − τ1 + τ3
2
)
J
(J + τ − 1)J (d − J − τ − 1)J
(−1)r1+r4 (r1, r2, r3, r4)!
2r1+r2+r3+r4
×
(−t + τ1 + τ2
2
)
r2
(−t + τ3 + τ4
2
)
r3
(−d + τ + τ2 − τ4 + 2
2
)
k+r1+r2
(−d + τ − τ2 + τ4 + 2
2
)
k+r3+r4(
τ − τ1 + τ3
2
)
k+r1+r3
(
τ + τ1 − τ3
2
)
k+r2+r4
. (E.28)
Following similar steps as in the t channel we then arrive to:
J
(u)
J ,l = C˜(u)J ,l
[J /2]∑
k=0
∑
∑
i ri=J−2k
r1∑
p=0
cut,τ (ri |k, p)γ uri |p4F3
⎛⎜⎜⎝ −l + p, l + p + t − 1, k + r1 +
b14
2
, k + r1 + a142
p + t + τ1 − τ2
2
, p + t + τ3 − τ4
2
, 2k + r1 + r4 + c2
; 1
⎞⎟⎟⎠ , (E.29)
with an overall coeﬃcient weighing the sum given by
c (u)t,τ (ri |k, p) =
2l (−1)p(r1p)(−l )p(l + t − 1)p ( t − τ1 + τ22
)
l
(
t + τ3 − τ4
2
)
l
2l !(l + t − 1)l
(
t − τ1 + τ2
2
)
p
(
t + τ3 − τ4
2
)
p
b(u)t,τ (ri |k), (E.30a)
γ uri |p =
	
(
k + r1 + a142
)
	
(
k + r4 + a232
)
	
(
k + r2 + b142
)
	
(
k + r3 + b232
)
	
(
2k + r1 + r4 + c2
) , (E.30b)
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where
a14 = t + τ − τ1 − τ4, (E.31a)
a24 = t + τ − τ2 − τ3, (E.31b)
b14 = t + d − τ − 2J − τ1 − τ4, (E.31c)
b23 = t + d − τ − 2J − τ2 − τ3, (E.31d)
c = d − 2J + 2t − τ1 − τ2 − τ3 − τ4. (E.31e)
Following similar steps as for the t channel, we can explicitly perform two of the sums and arrive to:
J
(u)
J ,l (t) = ZJ ,l (t)
J∑
p=0
d (J ,l )p
J−p∑
i, j=0
a(J ,l |p)i, j 4F3
⎛⎜⎜⎝ − j, p + i +
τ − d + τ2 − τ4
2
+ 1, 1− i − j − p − τ − τ1 + τ3
2
,− t − τ1 − τ2
2
1− j + t − τ3 − τ4
2
, p + i − J + d − τ + τ2 − τ4
2
, J − i − j − p + τ + τ1 − τ3
2
; 1
⎞⎟⎟⎠
× 4F3
⎛⎜⎜⎝−l + p, l + p + t − 1, p + i − J +
t − τ1 − τ4
2
+ d − τ
2
, p + i + t + τ − τ1 − τ4
2
p + t − τ1 + τ2
2
, p + t + τ3 − τ4
2
,
d − τ1 − τ2 − τ3 − τ4
2
− j + t
; 1
⎞⎟⎟⎠,
(E.32)
where now:
J
(u)
0,0(t) =
	(τ )
	
(
d − 2τ
2
)
	
(
τ + τ1 − τ3
2
)
	
(
τ − τ1 + τ3
2
)
	
(
τ + τ2 − τ4
2
)
	
(
τ − τ2 + τ4
2
)
×
	
(
t + τ − τ2 − τ3
2
)
	
(
t + τ − τ1 − τ4
2
)
	
(
d + t − τ − τ2 − τ3
2
)
	
(
d + t − τ − τ1 − τ4
2
)
	
(
d + 2t − τ1 − τ2 − τ3 − τ4
2
) , (E.33a)
ZJ (t) =
(−1)J 2l−J (τ )2J
(
d − 2(J + τ )
2
)
J
(
t − τ1 + τ2
2
)
l
(
t + τ3 − τ4
2
)
l
l !(l + t − 1)l (d − J − τ − 1)J
(
τ + τ2 − τ4
2
)
J
(
τ − τ2 + τ4
2
)
J
J
(u)
0,0(t), (E.33b)
d (J ,l )p (t) =
p!
( l
p
)
(l + t − 1)p(
t − τ1 + τ2
2
)
p
(
t + τ3 − τ4
2
)
p
, (E.33c)
a(J ,l |p)i, j (t) = (−1) j
(
i + p
p
)(
J
j, i + p
)( τ + τ2 − τ4 + 2− d
2
)
i+p
(
τ − τ2 + τ4 + 2− d
2
)
J−p−i(
τ − τ1 + τ3
2
)
i+ j+p
(
τ + τ1 − τ3
2
)
J−p−i− j
×
(
t + τ − τ1 − τ4
2
)
i+p
(
t + τ − τ2 − τ3
2
)
J−p−i− j(
d − 2(p + i + j )+ t − τ − τ2 − τ3
2
)
i+ j+p
(
p + i − J + d + t + τ − τ1 − τ4
2
)
J−i−p
×
(−t + τ3 + τ4
2
)
j
(
d − 2 j + 2t − τ1 − τ2 − τ3 − τ4
2
)
j
(
d
2
+ j + p − 1
)
i(
d
2
+ J − i − 1
)
i
. (E.33d)
Fortschr. Phys. 2018, 66, 1800038 C© 2018 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim.1800038 (72 of 77)
www.advancedsciencenews.com www.fp-journal.org
Appendix F: Mixed-Symmetry CPWs and Projectors
In the most general case where external spins are totally symmetric operators, the operators that can contribute in all channels mixed
symmetry operators with atmost three rows. In order to work with suchmixed-symmetry representations, it is convenient to introduce
auxiliary variables zi , where i = 1, 2, 3 labelling each of the three rows. On can then encode projectors onto such representations in
polynomials of zi · z¯j , zi · zj , z¯i · z¯j ,
p(zi · z¯j , zi · zj , z¯i · z¯j ), (F.1)
where the z¯i correspond to the second set of legs in the projector and (F.1) is invariant under the exchange of the variable zi with z¯i .
The conditions that these polynomials are irreducible is a simple lowest weight condition:
zi · ∂zj p(zi · z¯j , zi · zj , z¯i · z¯j ) = 0, (F.2)
while to project out traces one should also impose:
∂z1 · ∂z1 p(zi · z¯j , zi · zj , z¯i · z¯j ) = 0, (F.3)
where it is suﬃcient to impose only one equation when (F.2) is satisﬁed. I.e. that is in the kernel of ∂z2 · ∂z2 and ∂z3 · ∂z3 is automatic
when (F.2) holds.
Some examples of the above are projectors onto (l , 1) Young tableaux:72
p(l ,1) = ll + 1
[
(z1 · z¯1)l (z2 · z¯2)− (z1 · z¯1)l−1(z1 · z¯2)(z2 · z¯1)
]+O(zi · zi ) (F.5)
as well as other projectors which can be easily obtained solving the conditions (F.2). Above we do not give the explicit form of the trace
terms (i.e. the O(zi · zi )) since these only give descendant contributions to the CPWs and are straightforward to obtain. The above
normalisation ensures that the above is a projector:
1
l !
p(l ,1)(zi , ∂ξ¯i ) p(l ,1)(ξi , z¯i ) = p(l ,1)(zi , z¯i ). (F.6)
With the above projectors, mixed symmetry representations can be readily encorporated into the formalism of this work upon
projecting the OPE structures onto the corresponding irreducible representations. We focus on the structures relevant for double-
trace operators, which are those proportional to the mean-ﬁeld theory OPE structures:
HJ11zH
J2
2vY
J3−J1−J2
w , (F.7)
where we have introduced the auxiliary variables z, v andw in place of the single variable z3 to account for all possible Young projection
that can be realised:
H1z = 1y201
(
z · z1 + 2 z · y01 z1 · y10y201
)
, (F.8a)
H2v = 1y202
(
v · z2 + 2 v · y02 z2 · y20y202
)
, (F.8b)
Yw = w · y01y201
− w · y02
y202
, (F.8c)
together with their barred counterparts depending on y3 and y4 along the lines of the list in (B.3).
We can thus work out irreducible mixed-symmetry contributions to OPE structures by simply acting with the projectors above. In
Table 2 we present the OPE structure relevant for double-trace operators contributing to A1010 and A2020 4pt correlators.
The result for the iQ polynomials used in this work was obtained by explicitly evaluating the corresponding conformal integrals
with the above OPE structures. With the same techniques we can also evaluate more general CPWs associated to more complicated
OPE structures.
72 This is a particular case of the general formula
p(l1,l2) =
l1 − l2 + 1
l1 + 1
[
(z1 · z¯1)l1 (z2 · z¯2)l2 + · · ·
]
. (F.4)
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Table 2. A table of the OPE structures contributing to double-trace OPE coeﬃcients.
Correlator (l , 0) (l − 1, 1) (l − 2, 2)
A1010 H1zYl−1z
l − 1
l
(Hv1Yl−1z −Hz1YvYl−2z ) 0
A2020 H21zYl−2z
l − 2
l
(Hz1Hv1Yl−2z −H2z1YvYl−3z )
l − 3
l − 1
(
H2z1Y
2
vY
l−4
z − 2Hz1Yv1Yl−3z Yv
+H2v1Yl−2z
)
Appendix G: Twist Block Operator on Mellin Amplitudes
In this appendix we present the explicit form of the twist block diﬀerence operator acting on Mellin amplitudes with arbitrary twist
scalar external legs:
Tτ M(s , t) = (t − τ )(2− 2d + t + τ )2
× [p1(s )M(s , t)+ (s + t)(s + t + τ1 − τ2 − τ3 + τ4)M(s + 2, t)+ (s + τ1 − τ2)(s − τ3 + τ4)M(s − 2, t)]
+ (t − τ1 − τ2)(t − τ3 − τ4)
2
[
p2(s , t)M(s , t − 2)+ p3(s , t)M(s + 2, t − 2)
]
+ 1
2
(t − τ1 − τ2)(t − τ1 − τ2 − 2)(t − τ3 − τ4)(t − τ3 − τ4 − 2)M(s + 2, t − 4), (G.1)
where we have deﬁned the following polynomials:
p1(s , t) = d2 − 2d(τ + 1)+ 2s 2 + 2s (t + τ1 − τ2 − τ3 + τ4)+ τ 2 + t(τ1 − τ2 − τ3 + τ4 + 2)+ 2τ − (τ1 − τ2)(τ3 − τ4), (G.2a)
p2(s , t) = d2 − d(2s + 2τ + τ1 − τ2 − τ3 + τ4 + 4)+ t(2s + τ1 − τ2 − τ3 + τ4 + 2)+ τ (τ + 2)+ (τ1 − τ2)(τ3 − τ4), (G.2b)
p3(s , t) = d2 + d(2s + 2t − 2τ + τ1 − τ2 − τ3 + τ4 − 4)+ t(−2s − τ1 + τ2 + τ3 − τ4 + 2)− 2t2 + τ (τ + 2)− (τ1 − τ2)(τ3 − τ4).
(G.2c)
Analogously the quadratic Casimir reads as a diﬀerence operator:
C2M(s , t) = 12 q (s , t)M(s , t)+
1
2
(s + τ1 − τ2)(s − τ3 + τ4)M(s − 2, t)− 12 (t − τ1 − τ2)(t − τ3 − τ4)M(s , t − 2)
− 1
2
(t − τ1 − τ2)(t − τ3 − τ4)M(s + 2, t − 2)+ 12 (s + t)(s + t + τ1 − τ2 − τ3 + τ4)M(s + 2, t), (G.3)
in terms of the polynomial:
q (s , t) = t2 + t(−τ1 + τ2 + τ3 − τ4)− 2dt − 2s 2 − 2s (t + τ1 − τ2 − τ3 + τ4)+ (τ1 − τ2)(τ3 − τ4). (G.4)
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